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CHAPTER I. AN INTRODUCTION TO WIDMANSTATTEN GROWTH KINETICS 
Dr. Will iam Thompson^ was a lecturer in anatomy at Oxford and a 
fellow of the Royal Society whose avocation was mineralogy. In 1804, 
while studying an iron meteorite he was amazed to f ind a regular geo­
metric pattern and in 1808 published sketches of his findings in an 
Italian journal. In the same year von Widmanstatten made the f irst 
contact print from the polished and etched surface of the predominantly 
Fe-Nl Agram meteorite. The Elbogen meteorite, shown in Figure 1.1, ex­
hibits white platelets of a BCC phase called kamacite embedded in a FCC 
matrix phase called taenite. These platelets often intersect at 60 
and 120° angles producing an attractive pattern. In the ensuing years 
this regular f igure became known as the "Widmanst'étten structure" due 
to the obscureness of Thompson's publication. 
In 1863 Sorby commenced work on artif icial meteorites and in 1885 
Osmond and Werth discovered what are now known as secondary Widmanstatten 
side plates. Osmond and Cartaud, in iyOo, suggested that these plaLes 
should nucleate and grow on the closest packed plane of the matrix 
crystal structure. Young, in 1926, discovered that the Widmanstëtten 
structure may be characterized by what is now known as the Kurdjumow-
Sachs orientation relationship given as (] l l)[no] matrix j| (110)[l l l ] 
plate. In 1930, however, Mehl and coworkers found many deviations from 
this behavior. These authors were also the f irst to distinguish plates 
The following short account was abstracted from Professor R. F. 
Mehl's in depth historical study of the Widmanstatten structure (1). 
m 
Figure 1.1.  The Elbogen meteorite by permission of Professor 
S. Smith. 
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and needles. Using a Cu-Zn alloy, Mehl and Marzke (2) found CC phase 
needles aligned near the (111) matrix directions. Many needles tended 
to grow close together forming a parallel array of needles. 
In the thirt ies experiments were designed to investigate the 
effect of thermal treatment and carbon content on the transformation 
characteristics of low carbon steels. Some of this work, summarized in 
Figure 1.2, classifies the observed Widmanstatten structures in the 
Dubd morphological classification scheme (3). Grain boundary allotrio-
morphs and plates of cementite can be seen in the scanning electron 
micrograph shown In Figure 1.3, To obtain this structure a 1095 steel 
was carburized at 1000 C for 22 hours, reacted at 750 C for 5 1/2 hours 
and water quenched. The matrix phase has been selectively etched away 
leaving the cementite skeleton standing In relief. 
Grain boundary allotriomorphs are envelopes of ferrite or cementite 
and are the f irst evidence of transformation when an alloy is cooled 
from the 7 f ield, Nucleation and growth rates Increase with decreasing 
temperature. Once nucleated the ferrit ic envelope spreads quickly along 
grain boundaries and thickens slowly by releasing carbon to the matrix. 
Occasionally an area of disordered boundary of high mobility 
protrudes into the matrix unti l i t  grows Itself out of existence. The 
low mobility regions are left to form wliat are classified as secondary 
Widmanstatten saw teeth. Low mobility boundaries are observed to have 
a dislocation structure and are of relatively low energy. 
Plates and needles are observed to grow from either low angle 
grain boundaries or grain boundary i  lotriomorphs and these are 
h 
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Figure 1.2. The Dubé morphological classification scheme. 
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Figure 1.3. Scanning electron micrograph of cementite skeleton in 
carburized IO95 steel. 
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classified as primary and secondary Widmanstatten side plates (needles), 
respectively. The secondary variety seems to be most prevalent. Both 
lengthen at a constant rate which is much faster than the rate of 
thickening. The lattice orientation relationship mentioned previously 
is believed to determine those interfacial areas wherein plate growth 
is favored. 
Flewitt and Towner (k) measured TTT curves for Ct needles and plates 
precipitating from p Cu-Zn alloys. A C-curve for needles was found at 
high temperatures and a similar curve for plates was obtained at low 
temperatures. These curves Intersected with a sharp cusp at a temper­
ature characterized as B .  Above B plates were never found whereas 
s s 
plates and needles were frequently found at temperatures less than B^. 
Slightly less than B^ plates nucleated but soon yielded to the develop­
ment of needles which grew from the t ips of these apparently unstable 
plates. It was found that the time to the start of needle formation 
decreased as the reaction temperature was increased to B_. Repas and Hehe-
mann (5) used x-ray diffraction, optical and transmission electron micro­
scopy to delineate plate and needle regions of the Cu-Zn phase diagram, 
the form of which is shown in Figure 1.4. As the transformation con­
ditions approached the a+p/p sol vus, a prevalence of grain boundary 
nucleated needles was observed. Ample evidence was provided for piste 
instabil ity and needle evolution in alloys reacted at temperatures 
within the shaded region of the phase diagram. Also in this system, 
using scanning electron microscopy, Purdy (6) found needles evolving from 
platelets in a manner highly suggestive of a classical instabil ity. 
7 
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Figure 1.4. The Cu-Zn phase diagram. 
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He also observed that needle spacing decreased with increasing super-
saturation. 
in Fe-C and Cu-Zn alloys plates usually exhibit an epitaxial re­
lationship with the parent phase. Although growth is thought to be 
primarily controlled by volume diffusion, this epitaxial relationship 
is intimately associated with the development of morphology (7)« For the 
mechanism of plate formation in the Fe-C system, Townsend and Kirkaldy (8) 
suggested that an epitaxial section of grain boundary allotriomorph 
acquires nonepitaxial1 y oriented surfaces as i t  spreads over curved 
regions of grain boundary. Presumably, these surfaces become unstable 
and a parallel array of plates evolves. These authors found that de­
creasing the reaction temperature reduces the average plate to plate 
spacing. Good agreement was found between their experimentally deter­
mined spacings and those predicted by a stabil ity analysis of the grain 
boundary allotriomorph-matrix interface. 
Ip.terfaciai dislocations can render the needle-matrix interface 
nearly immobile sidewise, therefore, stable with respect to shape pertur­
bations. Malcolm and Purdy (9), however, found side branch perturbations 
on 7 needles precipitated from p Cu-Sn-Zn while Purdy (6) observed that 0! 
needles in p Cu-Zn possess a high degree of morphological stabil ity. 
Semi coherent plate-matrix interfaces are also expected to prevent sidc= 
branching (7). Due to their glissile behavior in the plane of the plate, 
interface dislocations should not avert "comb-like" shape perturbations. 
This mechanism has been suggested by Repas and Hehemann (5) for the 
plate to needle transition in brass. 
9 
The available experimental evidence provides adequate proof of the 
evolution of needles from a comb-like perturbation of the platelet (4-6). 
In this thesis, therefore, platelet stabil ity is analyzed for conditions 
under which the plate to needle transition is possible. 
Platelet Growth Kinetics 
The extremely sharp curvatures at the tips of plates and needles 
suggest that the gradient effect on f ield variables such as concentra­
tion, temperature or stress is very important in determining growth 
velocity. Since the sides of plates (needles) are relatively immobile, 
the cooperative diffusion of solvent and solute is nrost intense in the 
t ip region. During the decomposition of austenite, carbon spews out of 
or sinks into the t ip to produce ferrite or cementite, respectively. 
Two processes immediately become apparent; the establishment of the 
diffusion field in both matrix and precipitate, and the complicated 
attachment process which occurs at the interface as an atom leaves one 
phase to join the other. Analogous processes occur during the soiiuiri-
cation of pure materials. Other transformation mechanisms such as 
interfacial diffusion and ledge growth as well as additional effects due 
to the heat of transformation and differences in molar volume wil l be 
neglected in this thesis. The latent heat of solid state transforma­
tions is normally small compared to that found in solid-l iquid transfor­
mations. Chapter I II of this thesis is mainly concerned with the de­
velopment of 3 simplif ied theory of dendrit ic blade growth, hence, the 
heat of transformation Is taken into account. 
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Modem understanding of dendrit ic growth kinetics began in 1935 
with the theoretical and experimental investigations of A. Papapetrou (10). 
He studied the growth of ionic crystals from solution and found that the 
majority grew in a steady state transiatory motion. This observation 
has become the major assumption in all important growth theories to 
date. Papapetrou suggested the paraboloid of revolution (PR) as the 
steady state growth form for freely growing dendrit ic needles. At this 
early date Papapetrou realized the importance of capil larity through the 
work of Freundlich (11). He also appreciated both diffusion and inter­
face controlied growth and gave a cursory explanation of side-branching. 
Approximately ten years later G- P. Ivantsov (12) uti l ized the 
Papapetrou steady state PR suggestion and determined the temperature 
f ield about a freely growing isothermal dendrite. Ivantsov's method 
is adaptable to many growth configurations and the solution for a den­
drit ic platelet and WidmanstStter: plate was found using the parabolic 
PC which maintain their shape as they grow and which have isothermal or 
isoconcentrate boundaries. 
Zener (13) made an attempt to include the important concept of capil­
larity and obtained amazingly useful results with simple heuristic 
arguments. The growth velocity V was calculated using the following 
equation: 
cyii nder These solutions are valid only for a PR and 
V = 4(, - &) [ 1 . 1 ]  
P P 
where V Is t ip growth velocity, p is t ip radius, A Is a constant, and 
is the radius below which no growth occurs. Notice that the growth 
velocity has a certain amount of uncertainty. The variables V and p 
are not constrained externally but are adjusted by the system to values 
which are optimal in some sense. These optimal values of V and p must 
be calculated using an optimization principle (OP). Zener thought that 
each precipitate adjusts i ts p in such a way as to maximize V. The 
errors and implications in Zener's work have been discussed in detail by 
Trivedi (14). Work by Hil lert (15), and modifications by Trivedi and 
Pound (16), do not lead to additional physical insight so wil l be passed 
over. 
Recently the concept of capil larity has been Incorporated with more 
rigor by many authors (17-19)' The phenomena of capil larity are intimately 
related to the mathematical notion of mean curvature (20). The Gibbs-
Thomson equation of equil ibrium thermodynamics allows one to describe 
the precipitste-matrix interface with more realism. If the concentra­
tion at a f lat Interface were C^, then should this Interface acquire a 
mean curvature K, the interface concentration must be modified to 
C^= (1 - FK) where f  is a constant depending upon the alloy under 
consideration (21). Thus, the Gibbs-Thomson description of equil ibrium at 
the interface provides a boundary condition of Dirîchîet type (22) to be 
used in the solution of the appropriate diffusion equation. If this 
were exactly the situation at the Interface, no growth could possibly 
occur since this description is an equil ibrium one. In order for growth 
to proceed there must exist a driving force which probably takes the 
12 
form of a deviation from C ,  that is. 
m' 
= C^fl - TK) - AC^ .  [1.2] 
To evaluate i t Is assumed that to a good approximation 
Vj, = [I '3] 
where is the growth velocity taken normal to an element of Interface 
and M Is called the interface kinetics coefficient. Dendritic mor­
phologies such as the WidmanstStten plate are found to maintain their 
shape as they grow, hence, 
= V cosB [1.4] 
where Q is the angle between the growth direction and the interface 
normal vector. Solving for yields 
[1.51 
and substituting into Equation [1=2] gives 
^m ~ ^o^' " ^ cosQ .  [1.6] 
The obvious shortcoming of this boundary condition is that one must 
13 
know or speculate the precipitate shape before the exact solution to 
the diffusion equation can be found. 
In 1961 Horvay and Cahn (23) repeated the Ivantsov work using the 
conventional method of separation of variables. These authors used the 
more appropriate PC coordinates therefore necessitating the use of dimen-
sionless variables. Their work wil l now be reviewed to show how i t leads 
to the result of Trivedi (19) when carried to completion. Designating 
p as the radius of curvature at the t ip of the PC, we can define the 
dimensionless coordinates (x,y) by the following equations 
where t represents time. Now, by writ ing the total differential of 
C(X,Y,t), the diffusion equation can be rewritten as 
where p = Vq/2D is called the peclet number and D is the diffusion 
coefficient. Experimental evidence suggests that dendrit ic growth 
morphologies preserve their shape and grow at a constant velocity V. 
The effect of — is thus negligible, and the diffusion equation becomes 
X = Xq + Vt [ 1. 7a] 
Y = yp [1.7b] 
[1 .8 ]  
[1.9] 
] k  
This is the so-called steady state diffusion equation and was suggested for 
use in steady state growth phenomena as early as 19^1 by F. C. Hull (24). 
Making the transformation C = ^e this equation becomes 
^ ^ - p% = 0 .  fl.IO] 
ay 
2 2 
In terms of PC coordinates, wherein x = (F )/2 and y = |TV 
Equation [ l. lO] becomes 
=  0  .  [ I ' l l ]  
riTl 
Letting = f(Ç)g(TL) the method of separation of variables yields the 
ordinary differential equations 
f - (2p\ + 5^p^)f = 0 n. 12a] 
y + (2pX - Tl^p )g = 0 .  f 1.12b] 
Horvay and Cahn then proceeded to obtain elementary solutions to these 
equations, and hence, the famous Ivantsov solution 
rfçA/k) [,.,3] 
where C is the original concentration of solute in the matrix. These 
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differential equations wil l now be used to obtain the results of 
Trivedi who started from the equation 
#  +  2 p ( F ^ -  =  0  .  n . l 4 ]  
Substituting the variables 
Ç = v/pp f 1.15a] 
(0 = ^/pf] [ !• 15b] 
2\  = ^nH-l [1-15c] 
into Equation [1.12] gives 
f - (4m^l+G^)f = 0 [1.16a] 
g + (4itH-1-ijo^ )g = 0 .  [1.16b] 
The solutions to these equations are the harmonic oscil lator wave-
functions 
g(T]) = ^ . 1 7a] 
and 
2 
f(F) = e^"" l2^®'"fc(v/pi;) .  [1.17b] 
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Superposing all solutions lead to the Trivedi solution 
T, erfcCvTpF) 
where the P^) ^re repeated integrals of the complimentary error 
function and the P'n) are even order Hermite polynomials (25). 
This solution was used by Trivedi to provide the more realistic 
boundary conditions discussed previously. The expansion coefficients 
were found to be 
Cg-Cp '  p « (2ni)l 
-  ^  I 2 I ) ' .  +  + +  [ M 9 ]  
where 
Pc - [1.20a] 
V = u(C -C ) [1 '20b] 
L o "5 
n = (c -c  ) / (c  -c )  .  [1.20c] 
O TO op 
r (n) is the gamma function and )k(a,b,x) is the confluent hypergeometric 
function of the second kind (26) and is the concentration of solute 
within the precipitate. 
M 
Starting from a f lux balance at the t ip of the PC, Trivedi obtained 
n = Q [  I  + s,(p)  + ~  S„ (p) ]  [1.21]  
I I p L 
where 
S,(p)+l=;J;: S r(ni + |)F (v/p);| i(m +J, l^p) [1.22a] 
'  " m=0 n 
So(P)+'=7^ E r(m + ^ )F (v/^)\lf(m + ^ ,2, p) [1.22b] 
^ m=0 
F^(^) = Igm-l erfc(v/p)/l2^ erfc(^) . [1.22c] 
Notice that the f irst term gives the Ivantsov result and the effects 
of capil larity and kinetics manifest themselves in the second and third 
terms. Trivedi then used the Zener OP to obtain 
[1.23] 
P^I^q V ^ 2 
where 
0^ = v/jtp e^ erfc(\rp) [1.24a] 
^ = 2D Pc 
and dots indicate differentiation with respect to p. The interface 
[ 1.24b] 
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kinetics effect becomes more significant as q is reduced. For a given 
supersaturation, increasing the interface kinetics effect has the ef­
fect of lowering the peclet number. A plot of p/p^ versus Q shows a 
minimum for certain values of q and has been explained by Trivedi on 
the basis of the competit ive nature of the gradient, capil larity and 
interface kinetics effects. 
Needle Growth Kinetics 
Using the Ivantsov method Horvay and Cahn (23) also established the 
Isoconcentrate solution for the ell iptic paraboloid (EP) as 
where 
J(p,B)==r :  "(k [1.26a] 
B = p (a " 1 ) [ 1.26b] 
and 1/A = a is the aspect ratio of the ell iptic cross section. The 
solution for a needle is obtained by letting B = 0, then 
E,(P5^) 
where Ej (p) is the exponential integral (27). One can also obtain the PC 
solution by properly taking the l imit as B approaches infinity. 
19 
Others (17,18) have made attempts at improving the needle solution by 
including capil larity and Interface kinetics, however, the rigorous 
steady state diffusion equation was abandoned. Recently, Trivedi (28) 
obtained the solution to the steady state diffusion equation using a 
boundary condition which properly accounts for capil larity and Inter­
face kinetics. For the PR this boundary condition assumes the form 
C = C [1 - ^ - 7 \~T7n [1.28] 
m 
where p is a parabolic coordinate. The solution, obtained using the 
method of separation of variables, is 
C k P )  .  I  A ,  *' '*- '• '•1"^' L°(pP^) [1-291 
m=0 e (trH-l, l ,p) 
where 
A. -p-Q „ r -  r -  r (m +  4 )  
— I,^, erfc(J^) + er fc fp ) ]  
^o 
0 2 
where L^(pp ) are Laguerre polynomials (26) and (i! is the other parabolic 
coordinate. Performing a f lux balance at the t ip, Trivedi obtained 
Mn ^ 
n = n^l 1 + ^ (p) + -y [1.31] 
20 
where 
= peP Ej (p) [ 1 . 3 2 a ]  
[ 1 . 3 2 b ]  
while Rj (p) and Rgfp) are infinite sums. Similar behavior was noted 
between p, Q, and p^/p-
of the plate and needle as a function of Q. Figure 1.5 shows this com­
parison for various values of q. It can be seen that no morphological 
transition is predicted under the assumptions prevail ing since the 
needle grows faster than the plate for all supersaturations. As men­
tioned previously morphological transitions are observed experimentally 
and Trivedi explains how transformation stresses and a concentration 
dependent diffusion coefficient may lead to a plate to needle transition. 
A simplif ied version of these growth kinetics wii i now be used to 
determine the exact conditions required for the plate to needle mor­
phological transition. 
By setting p = p'^ Trivedi was able to compare the growth velocities 
10.0 
1.0 — 
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Figure I . 5 -  Growth velocity versus supersaturation for plates and needles after Trivedi ( 2 8 ) .  
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CHAPTER I I : STABILITY ANALYS1S OF PLATE 
TO NEEDLE MORPHOLOGICAL TRANSITION 
The plate to needle morphological transition appears in such di­
verse systems as water-ice, Fe-C, and Cu-Zn, and during a variety of 
growth conditions such as solidif ication, electrocrystal1ization, and 
solid-solid transformations. The needle morphology can nucleate and 
grow directly from the parent phase, grow from grain boundary allotrio-
morphs, or evolve from platelet instabil ity. Experimental evidence 
seems to support the latter mechanism as being dominant during the plate 
to needle transition. The previously mentioned work of Purdy (6) is 
especially convincing. Two of his scanning electron micrographs are 
reproduced in Figure 2.1. Figure 2.1a clearly shows blades of a Cu-Zn 
evolving from primary platelets. Will iamson and Chalmers (29) noticed 
that thin ice discs became unstable at bath temperatures below -.4 C. 
Sinusoidal protuberances grew into dendrit ic needles which subsequently 
experienced side branching. Diyyle (30) observed that, during electro-
crystall ization of Zn at constant temperature, dendrit ic needles re­
placed the disc morphology as the Zn ion concentration was increased. 
The Repas and Hehemann (5) suggestion that the plate-needle transi­
tion is triggered by stable t ip perturbations of the Widmanstëtten plate 
seems to have strong experimental confirmation. A theoretical analysis 
based on the concept of stabil ity has a two-fold purpose. First, i t  
provides an analytical foundation from which one can further assess 
the transition mechanism and make additional predictions. Second, i f  
successful, the theory would prove helpful for alloy systems and growth 
23 
(a)  
Figure 2.1. Scanning electron micrographs of a precipitates in p Cu-Zn; 
(a) unstable primary plates, (b) needle t ips. (6) 
24 
conditions which do not lend themselves to easy experimental analysis. 
This chapter is devoted to the development of such a theory. 
The theoretical description of the plate to needle transition 
uti l izes the Mul1ins-Sekerka (31) approach to stabil ity analysis. The 
results of the analysis are then applied to Wldmansfdtten ferrite in 
the Fe-C system. Experimental determination of Widmanstëtten morphology 
is carried out in high purity Fe-C alloys by a successive polishing 
technique and good agreement with the theoretical results is obtained. 
Theoretical Analysis 
The theoretical model employed in the present analysis derives its 
impetus from the cited experimental evidence and is quite analogous to 
the stabil ity concepts established by Mullins and Sekerka (31). The dif­
fusion of solute in the parent phase is assumed to be the rate control­
l ing process. The effects of elastic strain energy, interface diffusion, 
and anisotropic material properties are neglected. For small peclet 
numbers, the solution of Laplace's equation is used to accouni Foi the 
nonisoconcentrate nature of the interface. Capil larity is Included and 
the deviation from local equil ibrium at the interface is treated by 
f irst-order interface kinetics. Later, the small p assumption is dis­
cussed and relaxed. 
With the above assumptions consideration is f irst given to the 
growth kinetics of the plate morphology employing the parabolic cylinder 
model. Then an infinitesimal shape perturbation is applied along the 
cylindrical axis and the required correction to the diffusion field is 
25 
ca lcu la ted  us ing  Lap lace 's  equat ion .  From the  t ime dependence o f  the  
per tu rbat ion  ampl i tude,  the  cond i t ions  under  wh ich  the  p la te  morpho logy  
i s  uns tab le  and degenera tes  in to  a  para l le l  a r ray  o f  need les  w i l l  be  
determi  ned.  
Cons ider  the  growth  o f  a  p rec ip i ta te  whose shape near  the  t ip  
reg ion  resembles  a  parabo l ic  cy l inder .  The d imens ion less  rec tangu lar  
coord ina tes  x ,y ,z  =  (X,Y,Z  -  Vt ) /p  are  re la ted  to  parabo l ic  cy l inder  
coord ina tes  by  the  equat ions  
2 2 
X = X, y  =  §Tb and z  =  (F - -q  ) /2  .  
The parabo l ic  cy l inder  coord ina te  sys tem is  shown in  F igure  2 .2 .  In  
th is  coord ina te  sys tem Lap lace 's  equat ion  takes  the  fo rm 
The boundary  cond i t ions  are  determined by  mod i fy ing  the  Gibbs-Thomson 
equ i l ib r ium descr ip t ion  o f  a  curved in te r face to  inc lude the  e f fec ts  
o f  in te r face k ine t icSo The so lu te  concent ra t ion  a t  the  in te r face in  
the  parent  phase i s  then g iven by  the  re la t ionsh ip  
[ 2 . 1 ]  
[2 .2 ]  
where  i s  the  equ i l ib r ium concent ra t ion  fo r  a  f la t  in te r face,  r  the 
cap i l la ry  constant ,  K the  mean curva ture ,  ju  the  in te r face k ine t ic  
Figure  2 .2 .  The parabo l ic  cy l inder  coord ina te  sys tem.  
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coef f i c ien t .  The normal  ve loc i ty  i s  g iven by  the  s teady s ta te  shape 
p reserv ing  cond i t ion  M^ =  \ l  cosQ,  where  q  i s  the  ang le  between the  z  
d i rec t ion  and the  in te r face normal  vec tor .  
The Unper tu rbed WidmanstSt ten  P la te  
Cons ider  the  shape o f  the  in te r face to  cor respond to  F  =  I .  For  
the  unper tu rbed p la te  the  concent ra t ion  p ro f i le  in  the  mat r ix  i s  inde­
pendent  o f  X wh ich  s imp l i f ies  Equat ion  [2 .1 ]  to  
^  +  ^ = 0 .  [ 2 . 3 ]  
Th is  equat ion  i s  so lved to  cor rec t  the  isoconcent ra te  Ivantsov  so lu t ion-
The to ta l  so lu t ion  i s  
C-C =  (C. -C )  +  pA(k)  ^ - r -  cos  k^dk  [2 .4 ]  
° " e r f c i ^ )  "O e'" 
where  (CQ-C )  (e r fc (VpF) /er fc (V p) )  i s  the  i  vantsov  so lu t ion ,  i s  the  
average concent ra t ion  o f  so lu te  in  the  a l loy .  Subst i tu t ing  the  va lues  (23)  
K =  • / ( l+T] )^ ' ' ^  and cose =  in to  Equat ion  [2 .2 ]  and compar ing  
w i th  Equat ion  [2 .4 ]  eva lua ted a t  ^  =  1 g ives  
c  r  
A(k)  =  -  I  [-^  kK|  (k )  +  ^  Kgfk) ]  [2 .5 ]  
where  KpCk)  and K j  (k )  a re  mod i f ied  Besse l  func t ions  (32) .  
A f lux  ba lance a t  the  t ip  o f  the  p la te  y ie lds  
28 
f i  =  S |  (p )  +  Sgfp) ]  [2 .6 ]  
where  Cl  i s  the  d lmens ion less  supersa tura t ion  equa l  to  (CQ~C )/(CQ-Cp), 
I  2 
S i  (p )  and S„  (p )  I .  The quant i  t ies  Q .  \ l  ,  and p  
' î t p  %  L  L  
a re  de f ined in  Chapter  I  and Append ix  I .  
D i f fe ren t ia t ing  Equat ion  [2 .61  w i th  respect  to  p  and u t i l i z ing  the  
max imum ve loc i ty  pos tu la te  (13)  g ives  
f ç  .  — ^  [ 2 . 7 )  
where  q  =  V^p^ /2D and pr imes ind ica te  d i f fe ren t ia t ion  w i ih  respect  to  
p .  Equat ions  [2 .6 ]  and [2 .7 ]  a l low ca lcu la t ion  o f  compat ib le  p ,  q ,  and 
p j , /p  combinat ions  to  be used in  the  app l ica t ion  sec t ion  o f  th is  work .  
The Per tu rbed Widmansta t ten  P la te  
1 1 2  
Now cons ider  a  per tu rbed p la te  descr ibed byz=—--y  s in  wx,  
where  w i s  a  d imens ion less  wave number ,  and ô  i s  a  cons tant  much less  
than un i ty .  In  curv i l inear  coord ina tes  th is  shape becomes 
; .  I + " =1" "" [2.81 
I  + 11 
to  f i rs t  order  in  h  .  Th is  c rys ta l  i s  shown p ic to r ia l  1  y  in  F igure  2 .3 .  
A l l  ca lcu la t ions  are  to  f i rs t  order  in  6 and equa l i t y  s igns  w i l l  
be  used hencefor th .  
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2 ~ ^ ô S i N  w x  
^ -3 .  Oescn-pucn o f  coord ,  
"3 te  sys tem and per tu rbed shape.  
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Due to  the  shape per tu rbat ion  a  cor rec t ion  i s  sought  aga in  us ing  Lap lace 's  
equat ion .  In  th is  case the  f ie ld  i s  not  invar ian t  in  the  x  d i rec t ion  so 
2 2 
the  8  C/ f tx  te rm must  be  re ta ined.  The so lu t ion  to  th is  equat ion  can 
be found in  terms o f  Hermi te  po lynomia ls  and in tegra l  e r ro r  func t ions  
bu t  subsequent  man ipu la t ions  become exceed ing ly  c lumsy and uneconomica l .  
2 2 
Note  tha t  the  cor rec t ion  f ie ld ,  hence 7)  C / r )x  ,  must  be  a t  leas t  f i r s t  
order  in  6 ,  there fore ,  near  the  in te r face Ç =  I  + 0( f i )  and 
der iva t ive  w i l l  be  shown to  be f i r s t  order  in  f i .  As  a  resu l t ,  th is  par t  
does no t  opera te  on  the  cor rec t ion  f ie ld  but  on ly  on the  unper tu rbed 
2 
concent ra t ion  f ie ld .  A lso ,  near  the  t ip  T]  w i l l  be  very  smal l  and the  
resu l ts  o f  Kot le r  and Tarsh is  (18)  on  need le  growth  show tha t  th is  te rm 
can be sa fe ly  neg lec ted  fo r  ca lcu la t ing  concent ra t ion  grad ien ts  a t  the  
t ip .  Thus,  the  cor rec t ion  o f  an in f in i tes imal  per tu rbat ion  i s  equa l ly  
we l l  es tab l ished by  the  equat ion  
^  +  ^  +  ^ = 0 .  [ 2 . 9 ]  
as %x 
The mathemat ica l  s imp l ic i ty  o f  the  equat ion  enab les  one to  qu ick ly  ga in  
a  phys ica l  unders tand ing  o f  the  t rans i t ion .  The to ta l  so lu t ion  i s  now 
2 2 2 2 2 2 2 (§  +11 )  (F)  C /^x  )  =  (1  +  T]  C / r )x  The par t  o f  the  normal  
*  f * (k )  4^  cos k l f l k  
e r fc (Vp)  ' 0  e ' / "•  
0 
[ 2 . 1 0 ]  
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/ 2 . 2,1/2 
where  b  =  ( f ,  +  w )  
To ca lcu la te  the  quant i ty  B(^ , )  the  new boundary  cond i t ion  must  be  
I I 2 
estab l ished.  Def in ing  F(x ,y ,z )  =  0  =  "Z  +  ^  "  2 Y +  f t  s in  wx,  one may 
wr  i  te  
The mean curva ture  i s  ca lcu la ted  in  Append ix  I I  and i s  shown to  be 
2 2 
I  3T1 6  s in  wx ,  w a  s in  wx r ,  ,^1  
The d is tance,  aS,  be tween the  per tu rbed and unper tu rbed in te r faces  a long 
the  normal  i s  g iven by  
À  s i n  w x  r _ . - i  
Ab =  pAr -N =  0  TTn 
( l+T |  )  
where  Ac i s  the  d i f fe rence in  pos i t ion  vec tors .  The new normal  ve loc i ty  
i  s there fore  
V =  VcosG +  p  ^  ^ '2^ /2  = UAC ,  
" (1 + T| ) K 
hence.  
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where  i s  the  dev ia t ion  f rom loca l  equ i l ib r ium a t  the  in te r face due 
K 
to  in te r face k ine t ics .  
Eva lua t ing  the  isoconcent ra te  so lu t ion  and the  two cor rec t ions  on 
the  new in te r face and expand ing each in  a Tay lor 's  ser ies  y ie lds  
( c - c ) l  .  ( c „ - c  
,  f t  s in  MX ^  "  0 (1+11^)  
^.-1 n L 
l+Tl 
. œ  . \  k 4  s i n  W X \  
+  r *A(k) ( l  -  ^^)cosk 'T ]dk  +  A s in  wxI " "  B(^ , )cos f ,T ld f ,J2 .15 ]  
•^0 1+Tl 0 
The Gibbs-Thomson re la t ionsh ip  mod i f ied  to  inc lude in te r face k ine t ics  
requ i res  tha t  
2 2 
.  w 4  s in  wx i  Vr  1  ^  % s in  wx i  P6 s in  wx ro  i / : i  
there fore .  
33 
Upon Four ie r  t rans format ion  one ob ta ins  
B( f , )  ^  ,  LL 2 pcocosmd-n ,  2  pcc^mA(k)  kcoskTfos^ . -ndkdT)  
Co'Cp " 0 l+T]^ * 0 0 ^o'Cp ]+-^ 
2 
_ A £1] 2 pœcos; .7 ]d-n  ,  VQ 2  p°°  -n  cosAT^d-n  
4 % ^0 '"'c " 0 
+ i pc°-T^^cosf,TldT] _ ^ 2 2pcccos;,]]dT] [2.18] 
Except  fo r  the  doub le  in tegra l  a l l  o f  these in tegra ls  can be eva lua ted 
us ing  a  tab le  (32) .  The doub le  in tegra l  p resents  some d i f f i cu l ty  and 
i t s  c losed fo rm eva lua t ion  i s  ava i lab le  in  Append ix  I I I .  Subst i tu t ing  
fo r  the  above leaves  
34 
M&L _ r lED .  2_ i t i  _ 4_  
CQ-Cp " ^ Vc 5* 0 
+ [~ ^  (U - - -f^) + ^ ^  (l-l^ )1 K] (.f,) . [2.19] 
This  equat ion  a long w i th  Equat ion  [2 .5 ]  comple te ly  de termines  the  con­
cent ra t ion  f ie ld  in  the  mat r ix  fo r  a  per tu rbed p la te ,  as  g iven in  
Equat ion  [2 .10 ] .  
The normal  d i f fus ive  f lux  o f  so lu te  a t  the  per tu rbed in te r face i s  
ba lanced by  the  convect ive  f lux  y ie ld ing  
1+f 
where  k  i s  the  der iva t ive  o f  w i th  respect  to  t ime t .  Expand ing 
1 /  (C -C )  y ie lds  
m p  
VS ' Wysw 9(11) 
where  
rr,) - 1 1 \/2 1 
~ ^ -  2,3/2 •  V,  , ,  2,1/2 
[ )  _  ^  ( T i ) ^  s i n  w x  j  [ 2 . 2 1 ]  
p (i+f r' "c (i+f ) 
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and 
f (T | )  =  311-
PqQ 
» u. 
1, 
The normal  der iva t ive  def ined as  
f = N-ï 
ôn 
may be  s imp l i f ied  to  
^  r  '  4 s in  wx yS 2m s in  wx S [2 .221 
Tak ing  the  normal  der iva t ive  o f  the  to ta l  so lu t ion  and eva lua t ing  on 
the  in te r face y ie lds  
d(C-C ) 
-If-1 _ 
F=1 + ' - 2 I 
4 r "A( t ) ts i rnT ld<J  .  [2 .23)  
-0 (1+7^)5/2 'o 
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Subst i tu t ing  Equat ions  [2 .11 ] ,  [2 .12 ] ,  and [2 .23 ]  in to  Equat ion  [2 .20 ]  
and compar ing  coef f i c ien ts  o f  s in  wx produces 
r°A(k)Ji-E25iM^=2pg(T,) 12.24] 
0 ^0 ^p 
and 
2 2 2 
-VT1 , 1 P :±_ R4P Q 1 COS^.TLD^. 
. ' 1 . J-D 3 , [2.25] 
(,+^2)5/2^ P9W (,+^2)5/2 ^ 
where  Equat ion  [2.24]  has  been used to  s imp l i fy  Equat ion  [2.25]. 
Compared to  the  remain ing  T]  dependence l /g (T | )  i s  very  s lowly  
vary ing  and rep laced w i th  l /g (0)  =  1 /g  fo r  the  las t  man ipu la t ion  
wh ich  i s  Four ie r  t rans format ion .  Th is  y ie lds  the  f ina l  s tab i l i t y  
equat ion  
1- ^  (3+3w-l4w^V^ ^ m(,+w-w^)] [2.26] 
o9 16 p 2 V C 
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where  
T(w)  =  (w)  -  I  ? I  Tg(w)  ,  
i=0 ' ' * Vg A b 
a.  and T . (w)  a re  de f ined in  Append ix  I I I .  
These ca lcu la t ions  are  va l id  fo r  smal l  pec le t  numbers  such as  
occur  in  WidmanstSt ten  cement i te  growth  and some cases o f  Widmansta t ten  
fe r r i te  growth .  To es tab l ish  a  more  genera l  theory  va l id  fo r  a l l  pec le t  
numbers  we resor t  to  a  usefu l  and good approx imat ion  wh ich  was suggested 
by Boi l ing and T i l ler  (17) and f i rs t  used by Tr ivedi  and Pound (16). 
This  method i s  care fu l l y  d iscussed in  Chapter  I I I  where  i t  i s  shown 
tha t  S j  =  l /%p and Sg =  2 /%p g ive  exce l len t  agreement  w i th  the  r igorous  
fo rmula t ion  o f  the  same func t ions .  Rep lac ing  Equat ion  [2 .5 ]  by  
[2 .27 ]  
y ie lds  the  and Sg func t ions  g iven above wh i le  
c  ^  
[2 .28 ]  
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and new a .  are  g iven in  Append ix  i l l .  
Discuss ion  
App l ica t ion  o f  Theory  
Exper imenta l  da ta  and the  use o f  Equat ions  [2 .6 ]  and [2.7] are  
needed to  ca lcu la te  the  requ i red  coef f i c ien ts  in  Equat ions  [2 .26 ] .  In  
a  s tudy  o f  the  lengthen ing  k ine t ics  o f  WidmanstSt ten  p la tes  in  low 
carbon s tee ls ,  S imonen,  e t  a l .  (33)  have found tha t  an  in te r fac ia l  
2 
energy  o f  200 ergs /cm and a  tempera ture  dependent  in te r face k ine t ics  
coef f i c ien t  gave good agreement  be tween theory  and exper imenta l  resu l ts .  
The Id  ob ta ined i s  shown in  Tab le  2 .1 .  These au thors  a lso  found tha t ,  
fo r  the  tempera ture  and t ip  rad ius  ranges o f  in te res t ,  a  mod i f ied  
Paxton-Pound (21)  cap i l la ry  constant  i s  w i th in  3% o f  Tr ived i  and 
Pound 's  (34)  most  r igorous  t rea tment .  Th is  cap i l la ry  constant  was 
wr i  t ten  
- D T  -vM 
where  b  =  1 .1978 (T-852)^*10 ^  +  1 .6997» The f ree  energy  o f  t rans for ­
mat ion  and we ighted d i f fus ion  coef f i c ien t  suggested by  Tr ived i  
and Pound (34)  was used in  the i r  analysis .  The par t ia l  mola l  vo lume 
o f  i ron  in  fe r r i te  was taken to  be 7*092 cm^/mole  (35) -
Equat ions  [2 .6 ]  and [2.7] were used w i th  the  va lues  o f  7 and / i  ob­
ta ined by  S imonen,  e t  a l .  (33)  to  determine s tab i l i t y  c r i te r ia  fo r  the  
p la te  to  need le  t rans i t ion  in  the  Fe-C sys tem.  F igure  2 .4  shows typ ica l  
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Table  2 .1 .  Exper imenta l l y  ob ta ined in te r face k ine t ics  coef f i c ien t  
f rom Reference 33 
cm 
sec  mole  f rac .  
Tempera ture  in  
degrees  cent ig rade 
0 . 6 0  
0 . 3 0  
0.09 
700 
650 
550 
40 
10.0 
P=PECLET NUMBER 
C® = AT. % CARBON 8.0 
6.0 
4.0 
P = .IOO 
Ceo =2.27 
2.0 
3.0 2.0 
•<o 
-2.0 
P=.040 
C«o=2.86 
-40 
P = .355 
- 8.0 • -
-10.0 
-12.0 
Figure  2 .4 .  Examples  o f  s tab le  (p  =  .355)  and uns tab le  (p  =  .100,  .040)  
cond i t ions  a t  700 C.  
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behav ior  fo r  i / f i  versus  w p lo ts  in  the  genera l  p  approx imat ion .  Not ice  
tha t  there  are  th ree  curve  types  a l l  o f  wh ich  are  negat ive  fo r  la rge  
wave numbers  w.  The f i r s t ,  fo r  smal l  pec le t  numbers  and la rge  carbon 
contents ,  i s  a lways  pos i t i ve  fo r  smal l  wave numbers  un l i ke  the  second 
type wh ich  tu rns  negat ive  be fore  approach ing  zero .  
These two curve  types  ind ica te  an uns tab le  p la te le t .  The th i rd  
type assoc ia ted  w i th  la rge  pec le t  numbers  and smal l  carbon contents  i s  
a lways  negat ive  and ind ica tes  a  s tab le  p la te le t .  
S tab i l i t y  curves  o f  th is  type were  examined fo r  the  loca t ion  o f  
the  p la te  to  need le  t rans i t ion  a t  reac t ion  tempera tures  o f  550,  650,  
and 700 degrees  cent ig rade.  Th is  t rans i t ion  i s  shown g raph ica l l y  in  
F igure  2 .5 .  Need les  a re  favored a t  h igh  reac t ion  tempera tures  and 
h igh  carbon contents .  
The d imens ion less  wave numbers  wh ich  max imize  each pos i t i ve  6 /6  
were  tabu la ted  and conver ted  to  wave lengths  accord ing  to  the  re la t ion  
X =  2 j tp /w.  ! t  has  been suggested (36)  tha t  th is  wave length  dominates  
dur ing  the  evo lu t ion  o f  the  new morpho logy .  Th is  wave length  i s  assumed 
to  approx imate  the  spac ing  o f  the  para l le l  need le  a r ray  wh ich  evo lves  
f rom the  p la te  ins tab i l i t y .  These spac ings  are  shown in  F igure  2 .6  as  
a  func t ion  o f  tempera ture  and supersa tura t ion .  Need le  spac ings  appear  
to  decrease w i th  increas ing  supersa tura t ion  o r  decreas ing  reac t ion  
tempera ture .  Th is  behav ior  i s  exac t ly  tha t  found by  Purdy  in  the  
Cu-Zn sys tem.  
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n n 
SMALL P 
Û. 600 
NEEDLES 
GENERAL P 
400 
0.0 2.0 3.0 4.0 
AT. % CARBON 
5.0 6.0 
Figure  2 .5 .  T l ie  Fe-C phase d iagram showing p red ic ted  p la te  and need le  
reg ions .  Exper imenta l  observa t ion  o f  p la tes  ind ica ted  by  x ,  p la tes  
and b lades o r  uns tab le  p la tes  by  S  ,  and b lades by  0 .  
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100.0 
10.0 
550°C 
Figure 2.6. Predicted needle spacing versus supersaturation f o r  F e - C  
a  1 1 o y s .  
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Exper imenta l  Procedure  
The h igh  pur i ty  Fe-C a l loys  used in  th is  work  were  aus ten i t i zed  
fo r  1 /2  hour  a t  1300 C.  Constant  tempera ture  lead baths  prov ided the  
reac t ion  env i ronment  and a  b r ine  quench was used to  suppress  fu r ther  
reac t ion .  The a l loys  were  prepared and heat  t rea ted a t  the  Sc ien t i f i c  
Labora tory  o f  the  Ford  Motor  Company,  fu r ther  procedura l  de ta i l s  w i th  
a  tab le  o f  a l loy  compos i t ions  can be found in  the  paper  by  S imonen,  
et al. (33). The method chosen to examine the WidmanstStten morpholo­
gies was the mult iple sectioning technique described by Eichen, 
et  a l .  (37) "  Th is  method i s  very  accura te  when a  re l iab le  f iduc ia l  
l ine ,  such as  a  tw in  boundary ,  can be found.  When p la tes  evo lve  f rom 
the  ins tab i l i t y  o f  g ra in  boundary  a l lo t r iomorphs,  e r ro rs  in  p la te  
length  resu l t  f rom f luc tua t ions  in  a l lo t r iomorph th ickness .  
Four  samples  were  examined in  th is  exper imenta l  work .  Sample  I ,  
conta in ing  0 .24  we ight  percent  carbon,  was reac ted a t  700 C fo r  18 
seconds;  F igure  2=7 shows a  we l l  de f ined WidmanstSt ten  group wh ich  
remained remarkab ly  s imi la r  th roughout  200 mic rons  o f  sec t ion ing .  The 
lengths  were  measured us ing  a  f iduc ia l  l ine  drawn th rough the  p rec ip i ta te  
" roo ts"  where  the  in i t ia l  g ra in  boundary  a l lo t r iomorph ins tab i l i t y  
occur red .  The max imum dev ia t ion  f rom roo t  to  f iduc ia l  l ine  i s  shown 
as  an  e r ror  band in  F igure  2 .8  where  the  lengths  o f  3  p rec ip i ta tes  
were  p lo t ted  versus  he igh t  o r  leve l  o f  sec t ion .  These WidmanstBt ten  
fo rms are  s tab le  over  a  d is tance equa l  to  the i r  lengths ;  there fore ,  
i t  is  sa fe  to  re fer  to  these as  p la tes .  Th is  a l loys  l ies  in  the  p la te  
reg ion  o f  the  phase d iagram and lends  suppor t  to  the  theore t ica l  mode l .  
Figure  2 . 1 .  WidmanstSt ten  p la te  group in  Sample  I  t rans formed a t  700 C 
fo r  18 seconds.  Th is  group main ta ined i t s  l i keness  th rough 200 mic rons  
o f  sec t ion ing .  Magn i f i ca t ion  260x.  
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Figure  2 .8 .  Morpho logy  o f  3  WidmanstSt ten  p la tes  shown in  F igure  2 .7 .  
Sample  I  t rans formed a t  700 C fo r  18 seconds.  
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Sample  I I ,  a lso  conta in ing  0 .24  we ight  percent  carbon,  was t rans­
formed a t  750 C fo r  70  seconds.  Ev idence fo r  bo th  p la te  and need le  
fo rmat ion  was found in  th is  a l loy .  Need les  a re  more  la th  or  b lade­
l i ke  than those found in  Cu-Zn a l loys .  Many p rec ip i ta tes  were  found 
to  In te rsec t  the  e tched sur face,  as  in  F igure  2 .9 ,  and mul t ip le  sec­
t ion ing  proved the i r  b lade- l i ke  charac ter .  Due to  the  lack  o f  a  re ­
l iab le  re ference po in t ,  the  b lade w id ths  are  p lo t ted  about  a  center  l ine  
in  F igure  2 .10 .  Shou ld  these p rec ip i ta tes  in te rsec t  the  sur face a t  an 
ang le  o ther  than 90°  ,  the need le- l i ke  charac ter  wou ld  be augmented.  
The morpho logy  o f  the  WidmanstSt ten  p rec ip i ta tes  shown in  F igure  2 .12  
has  been p lo t ted  in  F igure  2 .11 .  These p rec ip i ta tes  are  p la te - l i ke ,  
there fore ,  th is  a l loy  i s  in  the  p la te-need le  t rans i t ion  reg ion .  
Sample  I I I ,  conta in ing  0 .33 we igh t  percent  carbon,  was reac ted 
a t  750 C fo r  80 seconds.  F igures  2 .13a and b  show the  c ross  sec t ions  
o f  the  morpho log ies  p lo t ted  in  F igure  2 .14 .  Many such b lade- l i ke  pre­
c ip i ta tes  were  found a long w i th  a  few uns tab le  p la tes  thus  subs tan­
t ia t ing  the  theore t ica l  p red ic t ions .  
Sample  IV ,  conta in ing  0 .406 we ight  percent  carbon,  was reac ted 
a t  700 C fo r  10 seconds.  F igure  2 .15  shows uns tab le  p la tes  in  the  
process  o f  b lade evo lu t ion .  Th is  a l loy  i s  a lso  be l ieved to  be in  the  
p ia te-need ie  t rans i t ion  reg ion .  
The l im i ted  exper imenta l  work  repor ted  here  shows good agreement  
w i th  theore t ica l  p red ic t ions  on the  p la te  to  need le  morpho log ica l  
t rans i t ion .  More  exper imenta l  work  o f  th is  type i s  needed to  fu l l y  
es tab l ish  the  p la te  and need le  reg ions  on the  phase d iagram.  
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Figure  2 .g .  B lade- l i ke  prec ip i ta te ,  shown by  ar row,  in te rsec ts  the  
e tched sur face o f  Sample  I I  reac ted a t  750 C fo r  70 seconds.  
Magn i f i ca t ion  525x.  
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Figure  2 .10 .  Morpho logy  o f  b lade- l i ke  prec ip i ta te  shown in  F igure  2 . 9 .  
Sample  I  I  reac ted a t  750 C fo r  70 seconds.  Due to  lack  o f  re ference 
po in t  b lade w id th  i s  p lo t ted  about  a  center l ine .  
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Morpho logy  o f  WîdmanstSt ten  p la tes  shown in  F igure  2 .12 .  Sample  I I  t rans formed a t  
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Figure  2 .12 .  Two Widmansfë t ten  p la tes  in  Sample  11 t rans formed a t  
750 C fo r  70 seconds.  Magn i f i ca t ion  355x.  
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(b )  
F igure  2 .13 .  Sample  I I I  t rans formed a t  750 C fo r  80 seconds.  
(a )  B lade A,  shown by  ar row,  l ies  near  o ther  b lade- l i ke  prec ip i ta tes .  
Magn i f i ca t ion  660x.  
(b )  B lade B,  shown by  ar row,  main ta ined i t s  l i keness  th rough 200 microns  
o f  sec t ion ing .  I t  l ies  near  o ther  b lade- l i ke  prec ip i ta tes .  
Magn i f i ca t ion  675x.  
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Figure  2 .14 .  Morpho logy  o f  b lades shown in  F igure  2 .13a and b .  
Sample  I  11 t rans formed a t  750 C fo r  80  seconds.  
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Figure 2.1$. Morphology of unstable plates in Sample IV reacted at 700 C. A typicaJ photomicro­
graph is shown in Reference 3 7-
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Summary  and Conc lus ions  
A theore t ica l  mode l  o f  the  p la te  to  need le  morpho log ica l  t rans i ­
t ion  has been es tab l ished on the  bas is  o f  s tab i l i t y  ana lys is .  A s inu­
so ida l  per tu rbat ion  o f  ampl i tude 6 ( t )  was super imposed on  a  parabo l ic  
cy l inder  used to  represent  a  growing p la te le t .  The cond i t ions  were  
then found wh ich  render  the  s tab i l i t y  parameter  (d5 /d t ) / f l  a  pos i t i ve  
quant i ty ,  where  t  represents  t ime.  Under  these c i rcumstances the  per ­
tu rbat ion  cont inues  to  grow un t i l  an  a r ray  o f  need les  o r  b lades rep laces  
the  o r ig ina l  p la te le t .  Severa l  va l id  assumpt ions  were  used wh ich  a l lowed 
fo rmula t ion  o f  the  s tab i l i t y  parameter  in  terms o f  s imp le  func t ions .  
The theory  was app l ied  to  the  Fe-C sys tem fo r  wh ich  the  coef f i c ien ts  
in  the  s tab i l i t y  parameter  equat ion  were  ob ta ined us ing  the  max imum 
ve loc i ty  pos tu la te  and an approx imat ion  to  the  r igorous  theory  o f  
growth  k ine t ics  presented by  Tr ived i  (19) .  The da ta  fo r  7  and / j .  ob ­
ta ined by  S imonen,  e t  a l .  (33)  were  used th roughout .  The theore t ica l l y  
ob ta ined s tab i l i t y  reg ion  was shown on  the  Fe-C phase d iagram.  Need le  
spac ing  was p red ic ted  to  decrease w i th  increas ing  supersa tura t ion  in  
agreement  w i th  the  observa t ions  o f  Purdy  (6 )  in  the  Cu-Zn sys tem.  
The mu l t ip le  sec t ion ing  techn ique descr ibed by  E ichen,  e t  a l .  (37)  
was used to  exper imenta l l y  es tab l ish  the  morpho logy  o f  four  samples  
s t ra teg ica l l y  chosen fo r  compar ison w i th  theory .  Good agreement  was 
found w i th  theore t ica l  p red ic t ions .  More  exper imenta l  work  o f  the  type 
repor ted ,  va luab le  in  i t s  own r igh t ,  i s  necessary  to  comple te ly  descr ibe  
the  p la te  and need le  reg ions  in  the  Fe-C sys tem.  
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CHAPTER I I I ;  A THEORY OF DENDRITIC GROWTH KINETICS 
The growth  o f  dendr i t i c  morpho log ies  i s  cons idered to  be a  compl i ­
ca ted  process  invo lv ing  vo lume d i f fus ion ,  an iso t rop ic  phys ica l  p roper t ies  
and f ie ld  dependent  parameters .  In  the  par t i cu la r  case o f  the  growth  
o f  Widmansfa t ten  p la tes  and need les  o ther  fac tors  such as  bu lk  and 
loca l ized s t ress  f ie lds  as  we l l  as  in te r face d i f fus ion  might  have an  
in f luence on growth  ra tes .  In  add i t ion ,  the  t ip  rad ius  o f  dendr i t i c  
c rys ta ls  i s  on the  order  o f  a  few hundred angst roms (14) ;  hence,  
cap i l la r i t y  and in te r face k ine t ics  must  p lay  an impor tan t  ro le  in  the  
growth  k ine t ics  and s tab i l i t y  o f  these c rys ta ls .  
Ivantsov  (12)  and Horvay  and Cahn (23)  ob ta ined s imple  so lu t ions  
to  the  s teady s ta te  d i f fus ion  equat ion  assuming tha t  none o f  the  
a forement ioned e f fec ts  were  impor tan t .  T r ived i  (19 ,28,38)  then ob­
ta ined a  r igorous  mathemat ica l  so lu t ion  to  the  same equat ion  and in ­
corpora ted  the  Gibbs-Thomson re la t ionsh ip  and in te r face k ine t ics  in  
the  boundary  cond i t ion .  A l though th is  so lu t ion  i s  va l id  fo r  uie  com­
p le te  range o f  pec le t  numbers ,  i t  y ie lds  in f in i te  sums wh ich  lead to  
computa t iona l  d i f f i cu l t ies  fo r  smal l  pec le t  numbers .  
I t  i s  apparent  tha t  even the  s imp les t  o f  phys ica l  mode ls  lead to  
unwie ldy  mathemat ics  when the  comple te  range o f  pec le t  numbers  I s  con­
s idered.  Cer ta in ly  mod i fy ing  such a  r igorous  mathemat ica l  t rea tment  
by  inc lud ing  add i t iona l  phys ica l  e f fec ts  wou ld  on ly  lead to  a  compl j -
ca ted  resu l t ,  i t  has been shown tha t  add i t iona l  mathemat ica l  d i f f i ­
cu l t ies  ar ise  in  s tab i l i t y  ana lys is .  I t  i s ,  there fore ,  wor thwhi le  to  
search  fo r  an approx imate ,  s imp le  and easy  to  adapt  theory  wh ich  i s  
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va l id  fo r  a l l  pec le t  numbers  bu t  wh ich  avo ids  the  more  e labora te  spec ia l  
func t ions  o f  mathemat ics  and a l lev ia tes  computa t iona l  d i f f i cu l t ies  when 
smal l  pec le t  numbers  a re  o f  in te res t .  Such a  t rea tment  can then be 
used to  s tudy  the  growth  charac ter is t i cs  o f  a  genera l  dendr i te  shape 
wh ich  cor responds to  an e l l ip t i c  parabo lo id  (EP) .  
B lade Growth  K ine t ics  
The re la t ionsh ip  between the  normal ized supercoo l ing  and the  growth  
parameters  fo r  need le-shaped dendr i tes  ob ta ined by  Tr ived i  (28)  i s  
4e = 46j! l + ^ L | ( p ) + ^ L 2 ( p ) ]  =  (VViH 
Vp 
where  i s  the  Ivantsov  cont r ibu t ion ,  
4(9)  [NjCP l)  + j^M2(Ps) l  •  I3 .2b)  
N | j  Ng,  Mp and are  the  in f in i te  sums ment ioned prev ious ly ,  p^  
and Pg are  thermal  pec le t  numbers  in  the  l iqu id  and so l id ,  respect ive ly .  
The remain ing  parameters  a re  de f ined in  Append ix  ! .  Th is  supercoo l ing  
has  the  same fo rm as  the  supercoo l ing  fo r  p la te le ts  (19) ,  thus  one 
expects  the  same fo rm fo r  b lade c rys ta ls  mode led a f te r  the  EP.  
I t  appears  tha t  the  Ivantsov  te rm i s  the  dominant  fac tor  wh i le  
cap i l la r i t y  and in te r face k ine t ics  p lay  a  lesser  bu t  impor tan t  par t .  
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This  behav ior  wou ld  be  expected i f  one were  to  inc lude o ther  improve­
ments  in  the  theory  such as  an iso t rop ic  in te r fac ia l  energy .  I f  one 
cou ld  es t imate  the  grad ien t  func t ions  N.  and M.  w i th  su f f i c ien t  ac­
curacy ,  a  dependab le  theory  o f  growth  k ine t ics  wou ld  resu l t .  To meet  
th is  end an approx imate  techn ique,  f i r s t  used by  Bo i l ing  and T i l le r  (17)  
and Tr ived i  and Pound (16) ,  w i l l  be  used to  es tab l ish  the  grad ien t  
func t ions  needed fo r  a  f lux  ba lance a t  the  t ip  o f  a  growing dendr i t i c  
la th  c rys ta l .  Crys ta ls  o f  th is  fo rm have been observed dur ing  the  
f reez ing  o f  ice  and germanium and in  Chapter  I f  WidmanstSt ten  b lades 
were  observed to  be the  resu l t  o f  p la te le t  ins tab i l i t y .  
The approx imate  t rea tment  to  be deve loped i s  meant  to  improve the  
iso thermal  so lu t ion ,  g iven by  Horvay  and Cahn as  
where  T  i s  the  in i t ia l  l iau id  temoera ture ,  T  i s  the  tempera ture  o f  
C O  . . .  , , ,  
the  f la t  so l id - l iqu id  in te r face,  T^  i s  the  l iqu id  tempera ture  as  a  
func t ion  o f  the  parabo lo ida l  coord ina te ,  | ,  wh i le  B,  A ,  and J (p ,B)  were  
de f ined in  Chapter  I .  The cor rec ted  so lu t ion  takes  the  fo rm (17)  
L  
' X j Z  
T|^ -T^  =  T -T^  +  J" "J" * 'A(b j ,b2)e  '  cosb jXcosb^ydb jdb^  i3 .4a ]  
" 0 0 
where  z  i s  the  car tes ian  coord ina te  in  the  d i rec t ion  o f  growth ,  
L  /~2  2  T  
X .  =  p^  +  vp^+b j+bg and b j ,  b^  a re  separa t ion  constants .  The cor ­
rec t ion  i s  a  so lu t ion  to  the  s teady s ta te  d i f fus ion  equat ion  in  
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car tes ian  coord ina tes .  T l ie  cor rec ted  tempera ture  f ie ld  in  the  so l id  
reg ion  i s  
S 
-X.z  
T j  = + J™J™A(b^ jb^)e '  cosbjXcosbgydbjdbg [3 '4b]  
o o  
S [ 2 2 2  
where  =  p^  +  v /p^+b^+b^  •  Eva lua ted on  the  in te r face 
2 2 2 
z  =  - X  /2  -  y  /zA to  second o rder  in  x  and y  these become 
Tr-Tm '  J" J^Mbi .b^ jdb idb j  +  a j -b^ ldb.db^ 
00 00 
2 XÏ 2 
+ J°°  J" 'A(b i ,b2)  (- "2 -  bgjdb jdbg [3 '^c ]  
00 A 
where  r  =  S,  L .  Subst i tu t ing  the  va lues  o f  mean curva ture  and cosn 
f rom Append ix  IV ,  the  boundary  cond i t ion  takes  the  fo rm (38)  
Compar ing  Equat ions  [3 .4c ]  and [3  = 4 ' j ]  one ob ta ins  the  fo l low ing re ­
la t ionsh ips  
[3.5a] 
6o 
J"J"Mb,.b2)a;-b|)db,clb2 = ; + ^0 [3-51=1 
o o  
r  
A. 
r r^b j .b jX^ -  b j jdb.db^.  I I  *  ^ (1  ^  (3.5c]  
o o  
A heat  f lux  ba lance a t  the  t ip  o f  the  EP y ie lds  
2p aH ,  
T~ I,  °  r  r  A(b, .b2) l jdb|db2 
L 3 F= |  Go 
f ' " j "A(b, ,b2)^^dbidb2 .  [3 .6]  
L o o  
The in tegra ls  in  Equat ion  [3-6]  must  be  de termined f rom Equat ion  \3-S)-
Since =  Zp^^  -  these in tegra ls  cou ld  be wr i t ten  in  exact  fo rm 
i f  the  quant i  t y  
C. =  J "  A(b j ,b2)b?dbjdb2 [3-7]  
o 0  
was known.  Th is  i s  not  the  case,  however ,  and l im i t ing  forms o f  
Equat ion  [3-5]  must  be  found.  
Approx imate  Ana lys is  
To examine the  fo rm o f  Equat ion  [3 -5 ]  in  the  h igh  pec le t  number  
l im i t  expand the  in tegra l  
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J" j "A(b j ,b2)^ ,db jdb2 = p | '™J'A(b, ,b2)db,db2 
O O 0 0 
-  J"  r  (p^+b^+b^) '^^  Afb j jbg idb jdbg 
0 "  o  
to  ob ta in  
J"  r"A(b| ,b2)x ,db idb2 = -  ^ (Ci+Cg)  
0 0 
+ —J '^ACbi jbz)  (b^+b2)^db^db2 +  •  •  •  [3 -8 ]  
8p  o  o  
For  the  convergence o f  Equat ion  [3 .8 ]  i t  is  necessary  tha t  success ive  
te rms on the  r igh t  hand s ide  decrease in  abso lu te  va lue ,  there fore ,  to  
a  f i r s t  approx imat ion  
j " j "A(b, ,b2)^ ,db,db2 = -  ^ (Cj+c^)  .  [3 .9]  
0 0 
Subst i tu t ion  in to  Equat ions  [3 .5b ]  and [3 .5c ]  y ie lds  
1 +  2p 1 
i  I  4- 2pA 
=  -2p  
^2 
Rl  +  2R2 
R,  +  2R^/A [3 .10 ]  
One ob ta ins  a f te r  so lv ing  fo r  Cj+Cg 
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R, ( I  +  282(1 
J" r ' "A(b , ,b  )x ,db  db =  j  [3 .11a]  
00  I  2 1 I  2  1 +  -L  +  2p 
A 
R ]  ( '  +-\) + ZRgf l  +-ç)  
r^ r^Afb . jb - ÏXpdb db :  2pR,  [3 -Hb]  
00  '  '  I  +  +  2p 
where  R,  =  — +  ~^ ( I  +  -L )  and R„  =  .  Upon subs t i tu t ion  o f  
I  U ASd A'^  2  ASp 
Equat ions  [3 -11a]  and [3 .11b]  in to  the  heat  f lux  ba lance,  Equat ion  [3 .6 ] ,  
one ob ta ins  a f te r  recombinat ion  
2p AH ?)T,  k .  
A 
where  
N j  (o )  (1  +^ )  
N.(p^)  =  j  +  2p^ [3 .  12b]  
1 +  "2  + 2p^ 
and 
M.  (o )  (1  +^ )  
" i (P j )  = 
I  + -9  + 2p(  
[3 -12c ]  
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The N.  (o )  and M. (o)  a re  independent  o f  pec le t  number  and func t ions  o f  
the  aspect  ra t io .  A l though Nj  (o )  and M. (o)  a re  we iJ  de f ined by  the  
above approx imate  t rea tment ,  bes t  resu l ts  are  ob ta ined f rom the  so lu t ion  
to  Lap lace 's  equat ion .  Th is  procedure  ensures  proper  l im i t ing  forms 
fo r  smal l  pec le t  numbers .  The re la t i ve ly  ine f fec t ive  fac tor ,  2p ,  w i l l  
be  omi t ted  f rom the  denominator  o f  N.  (p )  wh i le  re ta ined in  M.  (p )  in  
a l l  subsequent  d iscuss ion .  
F i rs t  Order  Eva lua t ion  o f  N. (o)  and M. (o)  
I t  i s  to  be  expected tha t  N.  (o )  and Mj  (o )  reduce to  the  va lues  
found fo r  the  p la te  and need le  as  the  aspect  ra t io  takes  the  appropr ia te  
l im i t .  Th is  concept  can be u t i l i zed  by  inser t ing  constants  in to  the  
coef f i c ien ts  o f  R|  and in  Equat ions  [3 .11a]  and [3 .11b] .  Match ing  
these cons tants  w i th  the  exac t  va lues  fo r  the  m^ed le  and p la te  when 
p  =  0  g ives  the  fo l low ing equat ions :  
N,  (p )  =  +  2p [3 -133]  
"7 
^ (1 t  -V)  
A 
.7129^ ' '  ,3  
1 +  —2 +  2p 
A 
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MgCp)  +  M, (p)  .  [3 .13d]  
(1  f -g )  (1  + -J  +  2p)  
A A 
F igures  3*1  and 3 .2  show these func t ions  fo r  the  need le  and p la te .  I t  
can be seen tha t  the  func t ions  N|  and are  exce l len t  approx imat ions  
fo r  the  who le  range o f  pec le t  numbers .  The func t ions  Mj  and a re  
good approx imat ions  a t  smal l  va lues  o f  the  pec le t  number  bu t  dev ia te  
a t  la rge  va lues .  On ly  when the  thermal  conduct iv i ty  o f  the  so l id  i s  
much g reater  than tha t  o f  the  l iqu id  shou ld  th is  lead to  d i f f i cu l ty  
s ince Nj  and Ng a re  a t  leas t  an o rder  o f  magn i tude la rger  than Mj  and 
a t  la rge  pec le t  numbers .  Smal l  pec le t  numbers  a re  found fo r  den­
d r i t i c  growth ,  there fore ,  the  Mj  a re  good approx imat ions .  A lso ,  
so lu te  f lux  ins ide  the  b lade i s  neg lec ted  fo r  so l id -so l id  t rans forma­
t ions .  
2 
Plo t ted  versus  1 /A ,  Figure  3-3  shows the  genera l  g rad ien t  func­
t ions  fo r  p  =  0 .  Shou ld  these func t ions  be der ived f rom the  so lu t ion  
o f  Lap lace 's  equat ion  in  parabo lo ida l  coord ina tes ,  the  fo rm o f  Nj  (p )  
and M.  (p )  w i l l  remain  the  same,  each conta in ing  a  p  independent  te rm 
and a  s imple  p  dependent  te rm.  
Ana lys is  o f  F i rs t  Order  Approx imat ion  
The behav ior  o f  growth  ve loc i ty  and heat  f lux  as  a  func t ion  o f  
2 
1/A was de termined to  appra ise  the  reasonab leness  o f  th is  approx i ­
mate  t rea tment .  A supercoo l ing  o f  f i ve  degrees  was used in  con junc­
t ion  w i th  the  ava i lab le  exper imenta l  da ta  fo r  t in  (40) .  A f lux  
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100.0 
GRADIENT FUNCTIONS 
FOR NEEDLE GROWTH 
(PARABOLOID OF REVOLUTION) 
RIGOROUS 
APPROXIMATE 
0.01 0.1 1.0 10.0 
PL or Ps 
Figure  3 .1 .  The g rad ien t  func t ions  N; (p)  and M: (p)  fo r  need le  growth .  
So l id  l ines  f rom r igorous  theory  o f  Tr ived i  (28) ,  dashed l ines  f rom 
approx imate  theory .  
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100.0 
\0D 
GRADIENT FUNCTIONS 
FOR PLATE GROWTH 
(PARABOLIC CYLINDER) 
RIGOROUS 
APPROXIMATE 
10.0 
PL or Ps 
Figure  3 .2 .  T l ie  g rad ien t  func t ions  Nj  (p )  and M;  (p )  fo r  p la te  growth .  
So l id  l ines  f rom r igorous  theory  o f  Tr ived i  (19% dashed l ines  f rom 
approx imate  theory .  
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2.0 
GRADIENT FUNCTIONS 
FOR BLADE GROWTH 
(ELLIPTIC PARABOLOID) 
N,(0) 
0.0 
1.0 0.0 
Figure  3«3> The g rad ien t  func t ions  N j (p )  and M.  (p )  fo r  b lade growth  
a t  p  =  0 .  
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ba lance a t  the  t ip  o f  the  growing c rys ta l  y ie lds  
13.14]  
where  
[3 -15 ]  
and 
[ 3 . 1 6 ]  
The va lue  o f  the  major  p r inc ip le  curva ture  1 /p was he ld  constant  a t  
k 2 
!0  wh i le  the  minor  p r inc iple curvature 1/p  • 1 /A  was a l lowed to  
vary  f rom 0  to  1/p. To s imp l i fy  mat te rs  s t i l l  fu r ther ,  the  so l id  f ie ld  
shows the  var ious  cont r ibu t ions  to  the  to ta l  f lux  as  a  func t ion  o f  1 /A •  
Not ice  tha t  the  to ta l  f lux  conta ins  a  max imum.  Th is  i s  as  i t  shou ld  
be  s ince f lux  is  propor t iona l  to  growth  ve loc i ty  wh ich ,  accord ing  to  
phys ica l  in tu i t ion ,  has  a  max imum when p lo t ted  versus  curva ture .  Th is  
i s ,  o f  course ,  no t  the  case when cap i l la r i t y  i s  not  inc luded.  To 
2 
emphas ize  th is  po in t  the  growth  ve loc i ty  was cont inued beyond 1 /A =1 .0  
2 
so tha t  1 /p •  1 /A  becomes the  major  p r inc ip le  curva ture  wh i le  the  
minor  p r inc ip le  curva ture  I /o  i s  he ld  constant .  F igure  3 .4b  shows 
the  resu l ts  o f  these ca lcu la t ions .  Both  l iqu id  and so l id  f ie ld  
cor rec t ion  fac tors  were  neg lec ted ,  tha t  i s ,  i ' l j  (pg)  =  
2 
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Figure  3>^a.  Var ious  cont r ibu t ions  to  to ta l  heat  f lux  a t  b lade t ip  fo r  
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Figure  3 .4b .  Growth  ve loc i ty  versus  1 /A fo r  cons tant  p .  
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cor rec t ion  fac tors  are  inc luded in  the  so l id  l ine  exh ib i t ing  a  max imum 
2 
near  I /A  =  .6 .  Th is  max imum i s ,  there fore ,  caused by  the  re tard ing  
e f fec t  o f  cap i l la r i t y .  The va lues  o f  N.  (o )  and M.  (o )  ca lcu la ted  by  
the  f i rs t  order  approx imat ion  seem to  y ie ld  reasonab le  resu l ts .  
App l ica t ion  o f  F i rs t  Order  Approx imat ion  
Keep ing 1 /p  constant  exped i ted  ca lcu la t ions  in  the  prev ious  
sec t ion .  For  p rec ise  eva lua t ion  o f  growth  ve loc i ty ,  I /o  i s  ca lcu la ted  
w i th  the  he lp  o f  the  max imum growth  ve loc i ty  pos tu la te .  Th is  y ie lds  
^  2p [h (p ,A) - l ]  
V L [3 .17]  
i "  g (P jA) f (p ,A)  -  G,h(p ,A)  +  P l (^ , (P l )  +  M| (Pg) )  
where  
[3 .18a]  
[3 .18b]  
h(p ,A/  =  [2  -
P|^ Ae 2 P|  p A{A - l )e  ^K(p , ,B)  
+ -J= J 
• ]G,  [3 .18c ]  2 I  
[3 .18d]  
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and dots  re fe r  to  d i f fe ren t ia t ion  w i th  respect  to  pec le t  number .  
The in tegra ls  J (p ,B)  and K(p ,B)  a re  d iscussed and eva lua ted in  a  
separa te  repor t  (39) -
Us ing  the  ava i lab le  data  fo r  AH /C^ ,  7M /ASj and one may 
2 
p lo t  growth  ve loc i ty  versus  1 /A fo r  g iven va lues  o f  the  supercoo l ing .  
The da ta  fo r  t in  (40)  has  been used to  ob ta in  the  curves  shown in  
F igures  3 -5  and 3 .6 .  Not ice  tha t  t in  p la te le ts  wou ld  be  h igh ly  un­
s tab le  f rom a compet i t i ve  exc lus ion  po in t  o f  v iew.  A lso ,  i f  these 
c rys ta ls  tend to  max imize  growth  ve loc i ty  by  ad jus t ing  the i r  aspect  
ra t io ,  they  wou ld  grow w i th  an aspect  ra t io  o f  about  3 /4 .  There  a lso  
appears  to  be a  c r i t i ca l  supercoo l ing ,  somewhat  under  5  degrees ,  
be low wh ich  the  need le  c rys ta l  i s  most  favored.  
F igures  3»7 and 3 -8  i l lus t ra te  the  growth  ve loc i ty  and t ip  rad ius  
fo r  i ce .  Aga in ,  p la te le ts  are  pred ic ted  to  be uns tab le ,  desp i te  the  
ex is tence o f  a  p la te  to  need le  t rans i t ion  o f  approx imate ly  0 .4  degrees  
supercoo l ing  (29) -  B lade c rys ta ls  wou ld  grow w i th  an aspect  ra t io  o f  
17 /20 i f  they  sought  an  abso lu te  max imum in  growth  ve loc i ty .  
To ob ta in  max imum resu l ts  f rom an ana lys is  such as  th is  an ex tended 
t rea tment  i s  needed wh ich  inc ludes an iso t rop ic  in te r fac ia l  energy  and 
in te r face k ine t ic  parameter  and u t i l i zes  the  va lues  o f  N. (o)  and M. (o)  
ob ta ined f rom the  so lu t ion  to  Lap lace 's  equat ion  in  parabo lo ids !  cc -
o rd i  na tes .  
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Figure  3 .5"  Growth  ve loc i ty  fo r  t in  b lades versus  I /A  .  
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Figure  3 .6 .  Growth  rad ius  fo r  t in  b lades versus  1 /A .  
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Figure  3»7-  Growth  ve loc i ty  fo r  i ce  b lades versus  I /A  .  
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Figure  3.8. Growth  rad ius  fo r  i ce  b lades versus  I/A  .  
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WidmanstSt ten  B lade Growth  K ine t ics  
The exper imenta l  work  repor ted  in  Chapter  I I  revea led  tha t  Wld-
mansta t ten  b lades were  o f ten  seen in  low carbon s tee ls .  The techn ique 
deve loped in  th is  chapter  can be used to  ana lyze  the  growth  k ine t ics  o f  
Widmansta t ten  b lades.  The assumpt ions  made in  Chapter  I I  are  a lso  used 
in  th is  t rea tment .  A f lux  ba lance a t  the  in te r face y ie lds  
and C represents  a  cor rec t ion  fo r  cap i l la r i t y  and in te r face k ine t ics .  
Proceed ing  in  th is  manner  one ob ta ins  
[3 .19]  
where  
[3 .20]  
[3 .21]  
where  
= pAePj(p,B)  .  13.22] 
The max imum ve loc i ty  pos tu la te  y ie lds  
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^ p • • 1» 7W) , , 
_ ç ,  1  —  .  [ 3 . 2 3 ]  
p N,  (o )  ( I  +  l /A^)N„ (o)  
S imul taneous so lu t ion  o f  Equat ions  [3 -21 ]  and [3 -23]  y ie lds  compat ib le  
combinat ions  o f  p^  p^ /p ,  and Q fo r  chosen va lues  o f  q  and A a t  cons tant  
tempera ture .  
F igures  3 .9  and 3 .10  show p  and q /q^  p lo t ted  versus  0  fo r  A =  m.  
There  i s  exce l len t  agreement  w i th  Tr ived i ' s  (19)  r igorous  t rea tment  
where in  s imi la r  ca lcu la t ions  are  l im i ted  to  supersa tura t ions  greater  
than about  .4  by  computa t iona l  d i f f i cu l t ies  invo lv ing  in f in i te  sums.  
S imi la r  p lo ts  are shown in  F igures  3-11 and 3-12 fo r  q  =  .1  wh ich  
i s  in  the  range o f  va lues  found exper imenta l l y  (33) .  When the  aspect  
ra t io  approaches zero ,  these curves  tend to  the  cor respond ing curves  
fo r  the  p la te le t .  F igure  3*9  shows tha t  increas ing  the  e f fec t  o f  
in te r face k ine t ics  decreases the  pec iec  number  in  agreement  w i th  the  
observa t ions  o f  Tr ived i  (19) -  As  the  supersa tura t ion  o r  pec le t  number  
approaches zero ,  the  in te r face approaches p lanar : ty  as  shown in  
F igure  3 .10 ,  regard less  o f  q  va lue .  Th is  i s  phys ica l l y  reasonab le .  
For  g iven Q and q  F igure  3-11 shows tha t  the  pec le t  number  inc reases 
as  the  p la te  i s  cont inuous ly  deformed,  i n  the  topo log ica l  sense,  in to  
a  need le .  Th is  agrees  w i th  F igure  1 .5  prov ided by  Tr ived i  (19) .  
Aga in ,  the  in te r face approaches p lanar i ty  as Q or p approaches zero ,  
as  shown in  F igure  3 .12 ,  regard less  o f  aspect  ra t io .  
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Figure  3«9» Pec le t  number  versus  supersa tura t ion  fo r  Widmansta t ten  
p la tes .  
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Figure  3 .10 .  Growth  rad ius  versus  supersa tura t ion  fo r  Widmanstë t ten  
p la tes .  
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Figure  3 .11 .  Pec le t  number  versus  supersa tura t ion  fo r  WidmanstSt ten  
b lades w i th  a  -  .1 .  
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Figure  3 .12 .  Growth  rad ius  versus  supersa tura t ion  fo r  Widmansta t ten  
b lades wsth  q  =  • i .  
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CHAPTER IV ;  MORPHOLOGICAL CONSTRAINT FOR 
STEADY STATE GROWTH CONDITIONS 
In  Chapter  I  the  shape p reserv ing  c r i te r ia  was repor ted  as  
= \ lcosQ. This  equat ion  was used ear ly  in  the  deve lopment  o f  the  
theory  o f  growth  k ine t ics  by  Brandt  (4 | ) .  Not  un t i l  1961,  however ,  
d id  inves t iga tors  rea l ize  the  impor tance o f  th is  ra ther  s imp le  re la t ion  
sh ip .  Bo i l ing  and T i l le r  (17) ,  in  a  c lass ica l  paper  on  the  growth  o f  
dendr i tes ,  emphas ized tha t  the  thermal  f ie ld  around a  dendr i te  under ­
go ing  s teady s ta te  growth  must  sa t is fy  th is  c r i te r ion .  I f  no t ,  the  
s teady s ta te  nature  o f  the  prob lem wou ld  be los t  s ince  the  dendr i te  
wou ld  no t  main ta in  a  cons tant  shape.  
Shape p reserva t ion  in  any theore t ica l  mode l  o f  c rys ta l  g rowth  i s  
Impor tan t  because i t  i s  observed exper imenta l l y .  The quant i ty  
V^ /Vcosg has  been ca lcu la ted  us ing  the  Tr ived l  so lu t ion  (19)  fo r  the  
PC and has  the  fo rm 
V 
^  h s (m,  l ,p ) ]  n  [4 .1 ]  
Vcosû "  g(Ti) 'n C m=0 
where  
2m 
[4 .2a ]  
[4 .2b ]  
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and a l l  o ther  func t ions  have been de f ined ear l ie r .  Equat ion  [4 .1 ] ,  wh ich  
shou ld  equa l  1 .0 ,  has  been eva lua ted fo r  severa l  va lues  o f  p  and q  and 
i s  p lo t ted  versus  the  PC coord ina te  T]  i n  F igures  4 .1 ,  4 .2 ,  and 4 .3-
Accord ing  to  the  approx imate  theory  deve loped in  Chapter  III th is  shape 
p reserv ing  c r i te r ion  takes  the  fo rm 
where  
"2 (Tt) = -klLl + 2p [4.4a] 
^ *  ( i+ i f )5 /2  ( i+ f r  
and 
n, (1) . i[-mn(yW) + _JL]  + . I4.4b| 
«' 
Equat ion  [4 .3 ]  i s  a lso  shown dashed in  F igures  4 .1 ,  4 .2 ,  and 4 .3 .  
One observes  tha t  the  PC i s  not  shape p reserv ing .  As T]  approaches 
in f in i ty  V^/Vcoso takes  i t s  l im i t ing  form so the  max imum dev ia t ion  
f rom un i  t y  i  s 
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Figure k.\. The shape preservation parameter V^/V cose versus the 
parabolic cylinder coordinate T] for q = Solid lines calculated 
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Figure 4.2. The shape preservation parameter V^/V cosn versus the 
parabolic cylinder coordinate for q = 1.0. Solid lines calculated 
from rigorous theory of Trivedi (19), dashed lines from approximate 
theory. 
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where Equation [3.2]] has been used to simplify Equation [4.5]. One 
can see that as p or q decrease the deviation from shape preservation 
increases. The shape preserving criterion for the PR was investigated 
by Trivedi (28) and analogous results were found. 
The form of Figures 4.1, 4.2, and 4.3 intimate that true shapes of 
Widmanstatten plates and needles are outward perturbations of the PC 
and PR, respectively, it appears that some unique shape which quickly 
deviates from the tip of the PC or the PR and approaches another 
asymptotically would satisfy the shape preserving criterion. The plate 
might be described by the equation 
p = 1 + Ô f(T|) [4.6] 
where ft « 1 and f(^) is an even, bounded function which is zero at 
the tip. This is in agreement with the suggestions of Boiling and 
Ti ller (17) and Trivedi (14). 
Past attempts at solving the diffusion equation have utilized the 
modified Gibbs-Thomson equation to formulate the boundary condition which 
is to hold. The steady state assumption is violated, however, since the 
shape is not motionless in the moving frame. It is doubtful that the 
Gibbs-Thomson description of the interface is accurate in the solid-
solid transformation case because of the existence of misfit disloca­
tions. Since these dislocations are not evenly spaced, stress-assisted 
diffusion will modify the Gibbs-Thomson description. 
The shape preserving criterion actually states that. 
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therefore, it is a Neumann boundary condition whereas the condition on 
the concentration at the interface is a Dirichlet boundary condition 
(22). The current ideas of growth kinetics require the simultaneous 
satisfaction of both boundary conditions. 
A general second order ordinary differential equation needs two 
boundary conditions so that a unique solution can be found. For 
partial differential equations the situation is quite different. 
Cauchy's problem (22) Is concerned with those partial differential 
equations which can satisfy both Dirichlet and Neumann boundary con­
ditions. Unfortunately, for diffusion-like equations both conditions 
cannot be simultaneously satisfied no matter what boundary shape is 
chosen (22). One can only select closed boundaries and satisfy either 
the Dirichlet or the Neumann problem. The Ivantsov field is really a 
solution of a second order ordinary differentia' equation since it con­
tains only one independent variable, and thus can satisfy two conditions. 
The problem of seeking a boundary on which both conditions are satisfied 
seems out of the question, at least for diffusion-like equations. One 
now has three alternatives: (a) satisfy the Dirichlet condition; 
(b) satisfy the Neumann condition; (c) satisfy both, approximately, 
using a perturbation scheme. Hilllg's treatment (42) must be considered 
to be in the third category regardless of the extent to which one 
carries the expansions used. Trivedi (19) chose the first alternative, 
however, as shown previously this method Immediately violates the 
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assumption of steady state behavior. The second alternative seems to 
have considerable merit. 
Consider the following Ivantsov solution: 
C^-C^ = (C^-Cp)[v/ï^ e^ erfc(Jpg) - + C^-C^ • [4.8] 
This is the only Ivantsov solution which satisfies both boundary con­
ditions. Using this solution and the Neumann condition for a parabolic 
cylinder the following expansion coefficients have been derived 
^2m ~ +1) • ^2m 
where the are the Dirichlet expansion coefficients shown in 
Equation [I.I9]. This method of analysis has not been used previously 
and should be Investigated. 
Shape Determination 
Cauchy's theorem implies that it is impossible to find a shape 
which can simultaneously satisfy given Dirichlet and Neumann conditions. 
This does not mean that such an interface does not exist. As mentioned 
previously one can assume a gsnsral shape and satisfy shape preserva­
tion, however, he must be content with the resulting interface con­
centration. In this section both shape preservation and the Gibbs-
Thomson boundary conditions will be used to derive a differential 
equation which yields the boundary shape. Figure 4.4 defines the 
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N= SIN 0 T + COS ey 
T=-COS ÔT+SIN 9] 
Cm-Cp= (Co-CpXl+o^-bCOS 9) 
= -2P(Cm-Cp)C0S9 
Figure 4.4. Definition of quantities required for flux balance at the 
interface in the direction of the concentration gradient vector. 
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quantitites of interest- Performing a flux balance in the direction of 
the gradient yields 
(C -C ) = -D|vC| [4.10] 
IvCl P 
and substitution gives 
(^) + (^) 
àn ôs 
This is a nonlinear ordinary differential equation in the coordinates 
(q,s). It is suggested that by using anisotropic interfacial properties 
and proper initial conditions this equation, or its thermal diffusion 
analogy, will yield shape preserving morphologies such as lamellar, 
cellular, dendritic as well as planar interfaces containing grain 
boundaries. 
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CHAPTER V: THE OPTIMIZATION PRINCIPLES 
In the previous chapters Zener's optimization principle (OP), 
the maximum velocity concept, was Introduced and used to find the growth 
velocity and tip radius which Is assumed to prevail under experimental 
conditions. The need for an OP Is not unique to the theory of dendritic 
growth nor to the discipline of Metallurgy Itself. Concepts which are 
used In equilibrium situations are well known and uncontested. Those 
which have been Invoked for steady state conditions have not been as 
fortunate due to lack of sound theoretical basis. Steady state prob­
lems which require an OP for their complete solution arise often In 
Metallurgy In the form of characteristic distance calculations. Examples 
include oxide finger spacing calculations In displacement reactions (43), 
lamellar spacing calculations in eutectic (44), eutectoid (45), and 
recrystal11zation reactions (46), and the various spacing calculations 
in stability analysis (36,47.48). The optimization principles most 
often used in phase transformation proulems are; (a) maximum velocity; 
(b) minimum supercooling, and (c) minimum rate of entropy production. 
These concepts will be discussed separately and shown to be easy to 
use but lacking strong theoretical basis. 
During free growth a crystal has no temperature gradient imposed 
upon it but upon freezing liberates latent heat which raises the tem­
perature of the liquid In the vicinity of the crystal. Each element 
of interface may freely move through the liquid at a rate established 
by its mobility and immediate temperature gradients. Since the velocity 
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( S  a  variable in this mode of growth, it can be extremized by adjustment 
of characteristic distances such as tip radius or lamellar spacing. 
Like Z e n e r ,  Temkin (49) used the maximum velocity criterion after 
providing an intuitive justification which was styled after competi­
tive exclusion or survival of the fittest ideas. For dendritic growth, 
defining n as that radius which maximizes growth velocity, Temkin 
^ ^ max 
realized that any perturbation of this radius would result in a slower 
growing interface since the region of perturbation would be "swallowed 
up" by faster growing elements of interface. Consequently, a crystal 
growing at the radius is stable to shape perturbations. This 
reasoning is very satisfying to the intuition and in most cases ought 
to lead to reliable results. For this reason it has been used by many 
authors. 
During forced growth the crystal moves relative to a fixed tempera­
ture gradient at a constant rate determined externally. Examples of 
forced growth Include the Bridgeman and Czochralski techniques (50) 
for growing single crystals. Though there is relative motion between 
crystal and furnace, the solidifying interface has zero velocity rel­
ative to the furnace. Since the growth velocity is constrained ex­
ternal 1y, the tip radius must adjust itself according to some other 
criteria. Since each element of interface requires a driving force 
for movement. Tiller (44) proposes that this driving force is what must 
be optimized. Each element of interface, with its own particular 
mobility, is thought to extend as far into the melt as is consistent 
with the boundary freezing condition and the heat balance. In effect. 
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this minimizes the total supercooling experienced by the interface with 
respect to all morphological perturbations. This principle of "minimum 
supercooling" might just as well be called the principle of "maximum 
extension." 
The study of lamellar growth provides many problems which require 
an OP for their complete solution. For forced solidification of a 
binary eutectic the required undercooling is written by Tiller (44) 
as 
AT = + Cg/X [5.1] 
where C| And are constants, V is the growth velocity and \ is the 
characteristic lamellar spacing. Using the principle of minimum 
undercooling Tiller derives the relationships: 
X* = [5.2a] 
and 
at  = [5.2b] 
where A and B are constants and \ gives minimum aT* The experimental 
validity of this behavior is well documented (51). 
The state of affairs in eutectoidal growth is more complicated. 
Sundquist (52) and Shapiro and Kirkaldy (45) used the maximum velocity 
postulate, used earlier by Zener and Hillert, in their investigations 
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of unconstrained interface diffusion controlled eutectoidal decompo­
sition and obtained 
r = [5.3] 
Sundquist presented some evidence of good agreement with experiment. 
Assuming volume diffusion control, the Zener treatment yields 
X AV-' /Z [5.1.1 
as in the solidification problem. Carpay (53) succeeded in unidirec-
tionally decomposing eutectoids and found, for CoySi, the relationship 
X = AV Boiling and Richman (54) found x = AV .41 +.02 
forced velocity pearlite using an alloy of .8 weight percent carbon in 
iron. The latter appears to be bounded by the two theoretical results 
whereas Carpay's data rest outside of the theoretical predictions. 
Later, Carpay and van den Bcomgaard (55) presented a simple analysis in 
-1/4 
an attempt to explain the X = AV behavior. They assumed boundary 
diffusion of species 8 to control the eutectoidal decomposition of / 
intoo: and 3. A flux balance yielded the differential equation 
where C is the concentration of B in 7 above the ith product phase 
(I = CtjP), C. is the concentration of 8 in the i th product phase and 
6 is the boundary thickness. This is exactly the equation developed 
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by Cahn (46). Unlike Cahn, however, they assumed C. independent of C 
to obtai n 
C = •^(C -C.)x^ + Ax + B . [5.6] 
t  Ufl 00 I  
Using piecewise continuity of concentration and the lever rule, the 
authors obtain the proportionality 
2 
Vx ~ AT [5.7] 
where aT is total undercooling which is, within the framework of their 
assumptions, equal to the kinetic undercooling. Citing data which 
2 
supports the relationship \l ~ (AT) , consistent with the ledge machanism 
of growth (5&,57), they obtain 
= constant; f5'8] 
Two points should be noted about this simple treatment. By substituting 
2 
the kinetic relationship V ~ (AT) the authors were able to avoid the 
use of any optimization principle. This procedure will be discussed 
later in connection with a simple problem analyzed in terms of a the= 
oretically sound optimization principle. Also, their analysis seems 
general enough to apply to continuous growth situations wherein V ~ aT 
is likely. However, this substitution does not yield the expected 
cube law. 
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In perturbation analysis (36) one customarily assumes that the 
fastest growing perturbation determines the morphological evolution of 
the system. Coriell and Hardy (58) experimentally examined unstable 
Ice cylinders and found good agreement with theory and the concept of 
maximum velocity. The observed longitudinal perturbation wave number 
was related to the wave number w" corresponding to maximum growth 
rate by the relationship 
w^ = (.79 - 1.07)w" . [5.9] 
Townsend and Kirkaldy (8) used the planar approximation of the Mull Ins 
and Sekerka (31) work in their investigations of Widmanstatten growth. 
These authors suggest that the spacing of WidmanstStten plates is 
determined by an evolving sinusoidal perturbation of favorably oriented 
grain boundary allotriomorphs. The measured spacing between Widman-
stStten plates showed remarkable agreement with the wavelength of 
fastest growth predicted by theory. 
Time dependent perturbation theory also provides justification 
for the maximum velocity concept. Sekerka (36) has shown that regardless 
of the initial perturbation an unstable flat interface will evolve 
into perturbations of wavelength given by maximum growth raie theory. 
It is apparent that although the maximum velocity and minimum 
supercooling concepts may be theoretically unjustified there is ample 
evidence that they should not be discarded in a fit of idealism. In 
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most cases the postulates provide an acceptable legend of truth and are 
exceptionally easy to use. 
Since growth of dendritic and lamellar morphologies occurs under 
steady state conditions, the true optimization principle ought to result 
from stability criteria of the steady state. If this condition is dis­
turbed, inherent fluctuations tend to return the system to the original 
state thus implying stability. Stability of the equilibrium state Is 
guaranteed by maximizing the entropy of the system so, perhaps, one 
should search for some state variable which, when extremized, lends 
stability to a steady state process. The discipline of irreversible 
thermodynamics is in large part dedicated to this problem. After a 
short discussion of irreversible thermodynamics, the principle of 
"minimum rate of entropy production" and the more recently developed 
"thermokinetic potential" will be discussed. 
Irreversible Thermodynamics and the Steady State 
The Clausius statement of the second law of thermodynamics contains 
the mathematical implications 
(a) ds = 0 for an equilibrium state 
(b) ds > 0 for a nonequi1ibrium state 
2 (G)  d S <  0 for an equilibrium state. 
If an equilibrium state is perturbed, it will strive to increase its 
entropy by passing through the most probable states of higher entropy 
until higher states no longer exist. The final state is the state of 
maximum entropy or the equilibrium state. This principle implies that 
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the equilibrium state, a time invariant state, has associated with it 
a definite stability. Another time invariant state is the steady or 
stationary state. Unlike the equilibrium state, entropy must flow in a 
steady state process. Since a steady state also has a certain stability 
associated with it, the speculation that some state variable is extre-
mized is natural. This function might provide the extra information 
needed to completely solve growth problems. To find this function a 
short discussion of irreversible thermodynamics is necessary. 
Irreversible thermodynamics is essentially a discipline concerned 
with forces X. and system responses called fluxes J.- The variables 
a. are defined as the deviations from equilibrium of the system exten­
sive variables. It is now assumed that these are measurable and 
through a fundamental equation locally define all state variables such 
as entropy even though equilibrium is not established. It Is now 
possible to wrI te 
are intensive parameters. The rate of change of entropy due to n 
processes can be written 
[5.10] 
where 
[5=!!]  
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f "i-'i 1 = 1 
where 
etc. 
f5.12] 
[5.13] 
is called an Onsager flux. Notice that if all the A.'s are zero 
then ds/dt = 0 and the system is in equilibrium. Suppose, for example, 
that a represents charge q and an amount of charge dq^ is transferred 
isothermally from a plate B to a plate h, therefore. 
dq, + dqj 
or 
ds = (^^)dq^ r5.l4] 
where E is electric potential and T is temperature. The rate of change 
of entropy called the entropy production is 
where J is current and X is electromotive force. 
For a chemical reaction 
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where vj are stoichiometric coefficients, n. are chemical potentials 
and V is the reaction rate which plays the part of a flux. The 
quantity = A is called the affinity- If F is defined as the 
extent of reaction, then v = dF/dt and A = where G is the 
Gibbs free energy. In general, for discontinuous systems the entropy 
production appears as 
d? = .Ç, - '5.II 
The total rate of entropy production per unit volume of a con­
tinuous system is the sum of the internal production per unit volume rr 
and the accumulation of entropie flux flowing through the unit volume 
of interest- Using the conservation laws for entropy and extensive 
variables a., the internal entropy production per unit volume is 
found to be 
a = Z X. • J- - [ 5- 1 7] 
i = 1 ' ' 
For a system in which the species i are diffusing in a chemical 
potential gradient 
X. = - i { i L . / J )  [5.18] 
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and the entropy production hucoiiies 
n = -y. vO/./T)- J. . I 5. 19] 
i = l ' ' 
It is intuitive that if all forces X. are zero then each flow or 
flux will be zero as well. Callen (59) and Li (60) use this idea 
and expand in a multidimensional Taylor series 
11 ? + 21 "" i jk^i^ j  + • •  •  
J ^ 
where 
2 
-)J, r) J 
k 
"-jk " ^  ' '"ijk " AX.ax. ' 
are called kinetic or phenomenological coefficients of first, 
second, . . . order. Equation [5-20j is called a phenomenological 
law. It is customary for small deviations from equilibrium to assume 
all second and higher order coefficients to be zero. Onsager's cele­
brated 1 aw of microscopic reversibility implies that that 
is, the matrix of first order phenomenological coefficients is symmetric. 
Using only Ljj^, assumed constant, yields linear phenomenologi cal laws 
and quadratic local entropy production 
(T = Z L..X.X. . [5-21] 
i . j  J '  J '  
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From this equation one can see that a is positive definite and contains 
minima defined by 
(^ 'x.  = "  • '5.221 
J I 
This state of minimum entropy production (MEP) has an important 
consequence. Assume the forces X. (i = I^k) are time invariant and 
the forces Xj (j = k+l^n) are unconstrained. Differentiate n with 
respect to Xj to find 
^ = 2% L..X. = 2J ,  =  0  [5 .23]  
r) A. .  I  I  I  I  
J I 
for a minimum. By forcing the entropy production to a minimum the 
steady state is obtained since all X. are time independent. The cri­
terion for the steady state is, therefore, MEP. It is important to 
recount the asbumptions used in this derivation. First, linear pheno-
menological laws were assumed in Equation [5-20], second, the assump­
tion of Onsager's law and constant L.. were used in establishing 
Equation [5-23]• 
In 1959 Kirkaldy (6I) suggested that Prigogine's MEP postulate 
might be used to completely solve phase transformation problems. This 
suggestion met severe criticism in 1962 when Cahn and Mull ins (62) 
pointed out limitations of this postulate. 
Tiller (44) minimized the rate of entropy production for the uni­
directional solidification of a lamellar eutectic. He demonstrated 
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that MEP and the minimum supercooling postulate were only equivalent at 
low freezing velocities. Tiller concluded by doubting the general 
significance of MEP since predictions for large growth velocities arc 
not observed experimentally. Li, et al• (63) responded to Tiller's work 
with an approximate calculation of the entropy production given as 
ds 
dt 
AHA, 
Vat  
m 
:5.24] 
where /\H is heat of fusion per unit volume, is cross sectional area, 
T^ is the equilibrium freezing temperature, V the growth velocity, and 
ûT the supercooling. These authors emphasize that under forced growth 
conditions MEP is a necessary result of minimum supercooling. The 
crucial step in their treatment is the likening of each dissipative 
process i to a chemical reaction characterized by an undercooling AT.-
This step is convenient though questionable. 
This simple formulation of the entropy production also provides 
consistency with the maximum growth rate postulate for free growth 
conditions. To understand this consider the following. 
THEOREM: 
If the entropy production is written as 
s = AVaT 
where V =  ^T  = f(V ,x )  and A is constant then minimizing s with 
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respect to i using the assumption that dV/dx = 0 produces identical 
results to those obtained by minimizing s while /\T is constrained to 
a constant nonzero value and (V,x) is considered an independent pair. 
PROOF: 
The first assumption gives 
s  =  A\ / (A) f  (V  (a ) ,  a )  
and 
f + AvfS 7^ + = 0 A — 
dx dx '-^V dx ?\\ 
•5.25] 
so 
r f(V(A),A) _ 0 
%X 
[5.26] 
minimizes s. The second assumption gives 
s = AVF(V,x) 
with f ( v , x )  constrained to a constant then using the Lagrange multiplier 
technique (64) one finds 
Af + (AV + r)^ = 0 [5.27a] 
d\l 
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(Av + r)^ = 0 [5.27b] 
nA 
where f is the Lagrange multiplier. Since is nonzero, AV + r 
must also be nonzero, hence, 
r)  F (  V) )  ) _ Q 
minimizes the entropy production. 
It is apparent that under the free growth condition of constant 
total supercooling one, in effect, extremîzes the growth velocity. 
Notice that the velocity need not be a maximum but can also be a 
minimum. Equation [5-24] is probably an oversimplification but it 
does provide complete consistency among the approximate CP's mentioned 
in the beginning of this chapter. In further defense of these optimiza­
tion principles it must be stated that since many applications involve 
experimental data with considerable error a completely rigorous and 
theoretically sound OP is not required. Also, in many cases these 
approximate CP's are easy to derive and use. Anticipating the avail­
ability of accurate data and a complete lack of intuition, which re­
quires a dependable criterion for the steady state, the work of 
Glansdorff and Prigogine (65) and that of J.C.M. Li (60) will be 
di scussed. 
The endeavor to find a criterion for the steady state which is not 
subject to linear laws or constant phenomenoJogical coefficients 
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culminated in the early igGO's with the discovery of three synonomous 
concepts. The above authors working independently established the 
"local potential" and the "thermokinetic potential", respectively, 
while Kikuchi (66) published his "maximum persistency" concept for 
quantum mechanical systems. 
Differentiating the entropy production rate for heat transfer (65) 
one obtains 
'5.281 
Integration by parts gives 
^ = 2 f j  ^ dA -  2 [• —1—[ 5. 29] 
dt^ '  oCJ 
where p is density and is specific heat. The first term on the RHS 
is zero for time independent boundary conditions and pC^ • 0, 
therefore. 
^  =  - 2 r i  0  ( 5 - 3 0 1  
dt oC„r 
where the equality sign holds under steady state conditions. The in­
equality implies that steady state is a stable state since ds/dt can 
only decrease with time. This entropy acceleration is called the 
"local potential." In general, if an incremental change in entropy 
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production is written 
fin = T. J.%X. + X.4J. f5.3l] 
then the quanti ty 
fiF = E J.4X. [5.32] 
was shown to be negative definite by Glansdorff and Prigogine (65) 
and by Li (60). This is Pfaffian form (67) and its integration can be 
considerably difficult, however, when F can be found, it possesses a 
total differential and is, therefore, a state property independent of 
path. Li (60) has shown that if a linear transformation of the fluxes 
and forces can be Found which leaves the forces with no variables in 
common then Equation f5-32] becomes a totiil differential and is always 
can only, therefore, decrease with time and contains minima defined 
The function 
X. 
[5.33] 
o 
by 
J .  =  0  .  [5.34] 
j 
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Li (60) concludes "The steady state, equilibrium state included, is 
thus a state of minimum F with respect to all variables nature can 
adj us t." 
To illustrate the usefulness of the thermokinetic potential the 
correct variational integral for the Cahn and Mull ins problem (62) 
will be given. The treatment follows closely that given by Li (68). 
Using the definition of Onsager fluxes and forces one may write 
where f is an integrating factor and the integration is performed over 
the volume of the system. For heat conduction in a continuous system 
[5.35] 
4 :  = - - 4  
?)E V oCyT 
.2 
[5.36] 
and 
^ = 7 -^(k 
at -J,  ax. a 
[5.37] 
where E is thermal energy per unit volume and is heat conductivity. 
Equation [5-35] becomes 
[5.38] 
I l l  
Using the identity 
and the divergence theorem 
for time independent boundary conditions. This equation has been inte­
grated by Li (68) for various assumptions concerning the thermal con­
ductivity. To show that the thermokinetic potential provides the proper 
variational scheme for the problem presented by Cahn and Mull ins, 
2 
assume = k = constant and f = 2T IV., then 
F = f'dv \ (•^) [5'4l] 
' t- i / 
which yields a linear temperature distribution and steady state be­
havior. 
Applications of the Thermokinetic Potential 
In the previous section the TKP was used to derive the conditions 
for the steady state transport of heat. The reader might argue that 
an elaborate theory which yields steady state conditions, and perhaps 
even the thermal field, is not necessary since these may be obtained 
by other well established techniques. It is, therefore, important to 
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emphasi/u the possibility oF obtaining nwre information concerning the 
steady state which is not available through use of standard techni(|ucs. 
Metallurgical information such as morphology, characteristic distances, 
and process mechanisms can be made available. Some simple examples of 
such calculations will now be given. 
Li (69) investigated the shape of a shrinking grain boundary loop 
using the experimental observation (70) that 
where V is the boundary velocity, M the mobility, 7 the boundary energy, 
0 the local radius of curvature and n is a constant. Except for a 
constant multiple the TKP was found equal to the entropy production 
under the imposed constraints. Some may argue that the boundary ex­
periences continual shape perturbations and that particular configura­
tion which maximizes shrinking velocity will be observed. Li pointed 
out, however, that although the velocity has an extremum it is a mini­
mum rather than a maximum and does not lead to the results predicted 
by the TKP. Assuming anisotropic M, 7, n, Li derived the following 
shape determining differential equation 
V = M (7/0)" (5.42] 
M(7/p)"  d(7/û)  = \d(l / p )  [5.43] 
where x is a Lagrange multiplier. Under isotropic conditions the 
boundary is circular. 
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Now consider the following simple problem. Figure 5-la shows a 
solid-liquid interface held stationary at Lj. The solid and liquid 
are characterized by the thermal conductivities and k2., respectively. 
The problem is to calculate assuming no chemical diffusion or liquid 
convection and heat flux through the ends of the system only. Using 
J| = rs.M 
T-T 
^2 = [5.44b] 
X, = - - — f 5.44c] 
X .  =  ^ ^  [ 5 - 4 4 d ]  
' 2  '  
one finds that 
6F = J, tX, + JgGXg = 0 [5.45] 
y ie lds  
T ' Û  
where 
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LIQUID 
k2 
SOLID 
L, +1-2 'L 
(a )  
(b) 
Figure 5-1. (a) Schematic i l lustrat ion of  stat ic sol id- l iquid interface, 
(b) a l terat ion of  temperature prof i le due to steady state sol id i f icat ion.  
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- m  
This result  may also be obtained from a f lux balance at the interface, 
however, MEP yields 
T -T, /  k, T 
a = m l /  I  2  1 5 . 4 7 ]  
V^o, kz T, 
which is obviously incorrect.  
The dynamic s i tuat ion wherein the system is moved at a constant 
veloci ty v relat ive to a furnace, such as in the Chalmers technique (50),  
complicates the problem. Since the interface is cont inual ly freezing, 
there must be a supercool ing ^T result ing in a new freezing temperature 
( • V4T • '5.1.8) 
The interface wi l l  also move to a new " locat ion 
Lj' = L,-AL [5.49] 
as shown in Figure 5- lb. In this case there is another contr ibut ion 
to entropy product ion, due to latent heat release at the interface, 
gi  ven by 
É1 = Ml .  Al [5.50] 
dt Tm T* 
m 
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where /\H is latent heat per unit  volume. Now 
k,(T,-T) 
J  _  -
h 
'  4 
[5.51a] 
15.5,b, 
= VAH [5.51c] 
X. = 1 - — [5.51d] 
1 T T, 
h ' i - i  
X = f  (^) [5-5lf ]  
m 
and 
k,(T,-T) k (T-T,) ,  
6 F  =  [ - H —  -  — V 6 H ] d |  
L] 
[5 52] 
KL(TL-TM) 
+ VAH = 0 [5.53] 
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which is also obtainable from a f lux balance, however, this is al l  the 
information a f lux balance can yield. Integrat ion of Equation [5*52] 
y ields 
k-T- I  k. k.  
F = [-^r + -TT + VAH]; + [4 + -4HnT [5-54] 
L,' 4' '  I,' 4' 
which becomes 
k,  k- T" ,  
AF = [— + + (,n - n [5.55] 
h 4 Tm 
relat ive to the dynamic steady state and 
k, ko T 
AF = {"4- + - 1 ] [5.56] 
L| Lg m 
relat ive to the stat ic steady state. These equations resemble those 
given by Li  (71) for simi lar problems. 
From the form of Equation [5-50] one assumes 
V = E a " #i)  .  (5.571 
n=1 " T 
m 
For cont inuous growth or uniform attachment k inet ics 
v = M jAT [5« 58] 
where Mj is the interface mobility. 
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For ledge growth (56) 
V = [5.59] 
where Mg is another Interface mobi l i ty.  Cahn (57) suggests that 
ledge growth should dominate up to some cr i t ical  supercool ing and 
cont inuous growth should dominate at larger supercool ings. Figure 5-2 
shows a schematic of  these growth laws. I t  can be seen that for a 
given crystal  pul l ing velocity the cont inuous mode has the smaller 
supercool ing below and the ledge mode has the smaller supercool ing 
above aT^- Sett ing T = in Equation [5-56] and expanding the temper­
ature terms in a Taylor series yields 
,  k2,,,,aT\2 . 2,AT,3 ,  ,  [5.60] 
+ 3(7") + • • • ]  
T=T L, L„ m m 
m I  2 
The cont inuous mode of growth, therefore, gives a smaller TKP in dis­
agreement with Cahn's theory. i t  is ent irely possible, however, that 
cont inuous growth is not favored under f ree growth condit ions. 
The thermokinet ic potent ial  can be derived for many simple metal­
lurgical problems and used to answer some very perplexing quest ions 
involving both energet ic and kinet ic concepts. I t  plays a role much 
l ike that of entropy In the second law of thermodynamics, s ince i t  is 
extremized In a t ime invariant state. For complicated processes which 
Involve many di f ferent (more than two) contr ibut ions to the entropy 
product ion the thermokinet ic potent ial  Is often di f f icul t  to formulate. 
Such is the case for the growth of dendri tes and WidmanstStten 
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V 
I 
V'lWgtAT)' 
V»M,AT 
ATC 
SUPERCOOLING 
^ A T  
Figure 5-2. Growth laws for the cont inuous (V = MIAT) and ledge 
(V = M2(aT)  )  sol idi f icat ion mechanisms. 
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precipitates. One might argue that some aspects of these growth problems 
may safely be neglected, but then other OP's might be as reliable. A 
simple experiment which puts these various principles to the test is 
urgently needed. 
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APPENDIX I : GLOSSARY OF TERMS AND FUNCTIONS 
M tip growth velocity 
p tip radius 
equilibrium solute concentration in precipitate at a flat 
i nterface 
r capillary constant 
C actual solute concentration in matrix at the interface 
m 
deviation of interface solute concentration due to Interface 
ki netics 
C initial solute concentration in matrix 
GO 
erfc(vTp) complementary error function 
M Interface kinetics coefficient 
»c 
'c "(VL' 
q angle between z direction and interface normal vector 
t time 
D solute diffusion coefficient in matrix 
m 
p = •^ peclet number 
V, 
'cPc 
^ ="7D" 
f j ,x) parabol ic cyl inder coordinates 
pT^) even order Hermite polynomial 
I^^erfc(v/pi=;) Repeated integrals of the complementary error funct ion 
Cp concentrat ion of solute in precipi tate 
n= (C -C ) /(C -C ) dimensionless supersaturat ion 
0 œ 0 p 
r(n) gamma funct ion 
i | ((a,bjx) conf luent hypergeometr ic funct ion of the second kind 
Ivantsov supersaturat ion 
a aspect rat io 
2 
Ej(p§ ) exponential  integral 
(a,p) parabol ic coordinates 
L°(pP^) Laguerre polynomial 
K^(x) zeroth order modif ied Bessel funct ion of second kind 
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Kj (x) f i rst  order modif ied Bessel funct ion of second kind 
7 interfacial  free energy 
V part ial  molal volume of i ron in ferr i te 
f l  t ime dependent perturbat ion ampli tude « 1.0 
w perturbat ion wave number 
\  2%p/w wavelength of perturbat ion 
è d6/dt 
R gas constant 
T temperature 
T in i t ial  l iquid temperature 
CO 
T_ temperature of the f lat  solid-liquid interface 
C^,Cg heat capacity of l iquid and sol id, respect ively 
AH heat of fusion per unit  volume 
AS entropy of fusion per unit  volume 
c, 
A9 = (T "T )— normalized supercool ing 
m 00 A" 
Ivantsov supercool ing 
^L'^S thermal di f fusivi ty of l iquid and sol id, respect ively 
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p, = thermal peclet number (k = L, S) 
k^,kg thermal conduct ivi ty of l iquid and sol id, respect ively 
~ aspect rat io 
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APPENDIX I I :  CALCULATION OF MEAN CURVATURE 
FOR PERTURBED PLATELET 
When a surface is described by z = f(x,y),  the mean curvature 
can be calculated by the formula (72) 
-K ,  ED" + GD -  2FD' „  
H 
2 2 I 2 
where E = 1+p ,  F = pq, G = J+q ,  H = vEG-F ,  p = az/^x, q = Bz/By, 
9 2 2 2 2 
r  = a'z/ax ,  s = a z/axay, t  = a z/ay ,  and 
2 2 1/2 (D,D',D") = (r ,s, t) /( l+p +q )  • For the surface 
2 
z = 1/2 -  l /2y + ftsin wx one obtains 
K = ( l+y^)"3/2[|  + (1+y^)w^ Asin wx] [A2.2] 
and convert ing to parabol ic cyl inder coordinates yields 
2 
1 3T1 6sin wx .  w f t  s in wx rmo 3i  
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APPENDIX III: EVALUATION OF INTEGRALS 
The problem of evaluat ing the double Integral 
M(t). r 'k^ f"-" dkdx [A3.1] 
o o op 1+x 
where 
(;+p)^k K,(k) - (;+2p)?K^W 
op c 
may be reduced to evaluat ing the fol lowing four inf ini te integrals: 
H] (x) = r*k KQ(k)coskxdk [A3.2] 
Hgfx) = J*k^ K| (k)coskxdk [A3.3] 
o 
n ,  ,,r,  n,  (x)cosix 
, ,3.3, 
^ "  P o l+x 
so that M(t) = W|(t)  + Wgft) .  The integrals n^(x) and ngfx) are given 
In Table A3.1 and may be calculated using avai lable tabulated 
integrals (32).  Defining the Integral 
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J(v,y) = dx 
° ( l+x^r + 2 
Wj ( f j  and W^C-t) may be wri t ten 
Wj(t) = J(2,f j  - (^+P)^(^+Oe 
Wgft) = J(3,t) - p)-^(3^,^+5^,+5)e 
To evaluate J(v,y) def ine another integral 
T(v,y) .  yr = f f(x + Jl+*^)sl"XY d, 
° (l+x2y"+2 
and Integrate by parts using v = 1, 
u = t  ^ and dv = y sinxydx 
to obtai  n 
T( l ,y) = ^(y+l)e ^ -  3J(2,y) .  
Knowing j (2,y) or T( l ,y) determines W| ( t ) .  Notice that 
T(2,y) = 1(1,y) + y^ J(2,y) 
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and integrate T(2,y) by parts using 
r~z 
u = t  lyj  ^ and dv = y sinxydx 
0 + K r  
to obtain 
T(2,y) = -^(y^+3y+3)e ^ -  5J(3,y) • [A3.12] 
Using Equations [A3.10] -  [A3 12] one obtains 
J(3,y) = ^( jy^+3y+3)e ^ -  ^T(l ,y) + ^  T(l,y) [A3.131 
to recognize that J(2,y) or T( l ,y) also determines 
To evaluate J(2,y) Fourier cosine transform Equation [14] of 
Table A3-1 to obtain 
J(2,y) = • j^(3f.+ l )e K, (^) • [A3.14] 
I t  is now a matter of algebra to obtain Wj (( ,) ,  and 
M(t) = K, (/ j) 
-  + K,a) .  [A3.15] 
The direct evaluation of T(l,y) is facilitated by the substitution 
nk 
X = slnh(z), giving 
I  y si  nhz 
T(1,y) = 2 M ^ ~2 '  [A3.16] 
-fo cosh z 
This integral may be calculated by the method of contour integrat ion (73). 
Consider the contour shown In Figure [A3.1].  Defining 
p(z) = ze'y ^ q(z) = cosh^z 
and 
f (z) = p(z)/q(z) 
one f inds that q(z) has a second order pole at z = j t i /2 and the re­
sidue of f (z) at z = j t i /2 Is r  = -e Now 
^f(z)dz = -2%le -y 
I  y si  nhx 
= 11 m dx 
R-*a> -R cosh X 
. !A3.:7) 
R-.00 -R cosh (x+ni) 
The vert ical  integrals can be shown to approach zero in the l imit  as 
R approaches inf ini ty.  Simpl i fy ing one obtains 
-R+TTÎ R + TRI 
Figure A3.I" Contour for evaluation of T(l,y). 
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^jcoxsln(Y5lnhx) _ ^pcos(ysinhx) ^ .^^-y 
o cosh X 0 cosh x 
or 
T(l,y) = - y + |y^Kj (y) • [A3.18] 
This agrees with the result  calculated by the transform technique. 
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Table A3' l .  Sutnmary of  Integrals 
G (1+X ) 
r = tK, M 121 
o (i+x r '  '  
r [31 
r ° Ts ) + ' fs •" 15 '  "^1 <'• '  
C #1^  - - 4 KJT) . I K, (,) [51 
/ ï  ^  ^  y  •  .  ^  /  
r (|^°2^7/2 '  ts 1^0k) + (ff - ts'K, ( ' .) 16! 
j .  ços^ ,^-t 
O 1+X 
J" = f  ( '>l)e- ' -  [8] 
0 ( l+x ^ 
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Table A3 1 (Continued) 
çsnxda , J, (,Z+3,+3)e-l [9l 
o (l+x^)' 
r  "' 'Tf '  i  o-,je- ' .  [101 
o o *x' r  
P x^ iïÉl , i (.,_v,+i )e-t mi 
o (l+x: ) j  
f" = JL (_,3+:,t2+3,+3)e-' '  [ ,2] 
o ( l+x: )*  9b 
j  2 
r™ X K (x)cos;,xdx = ^'*7 ^ ^  [13] 
J" xTKj (x)cos^xdx = ^ 2  5 / 2  ^ 2 2 
On y On ) 
J00 !n{x+J]+K ) gin^xdx = y e ^ ^ K, (7,) [15] 
o ( I+x^)^ '  
I  2  
J® xin[y^^^\+x ) cQs^xdx = (3^+1 )e ' '  -  |  f,^K, ( f j  [ I 6 ]  
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Table A3*l (Continued) 
o (1+x ^ 
^ '\|U) [17I 
( , .  çosf/  coskxdx ,  1[K (,+K) + Kl ,-kl ]  [  18] 
o ( l+x )"  ^ °  °  
f .  cos« coskxdx ( ' ,+k%;, ( ,+k) I t - I( |K, |<,-k I  
(t+k)^K, (t+k) (f,-k)\k-k| 
r  9 r /o sin^x coskxdx = 7 + 7 [20] ( l+,(2)5/2 () -- 6 
\ f  l  < k, use negative sign. 
]kO 
Table A3.2. Def ini t ion of coeff ic ients and integrals 
Coeff ic ients 
Small  p General p 
% ° nf ^ "2 0° = 5; + "2 
<^g 2 
= 5 "7" 
10 2 ^' lo 2 
a, = + g Og (Xg = + -  C,g 
Op 2 
a- = — + -  a- a_ = -2a 
_ . _ ^ 4 ^ 
3 3 5 7 "3 1 3 IT V 
U J 
c 
% (%4 = a, CX4 == 
" 5 - 4 ^ ^ 5 ° 7  =  
2 2 QZf =  =  S O j W  
2 Pr^ 9 Pr^ 
= (% = (-  + p) — 
7 p 7 p 
«8 = ^ ® "8 = ^  
°9 - -«7 "g = -Qj, 
"10 =-«8 G,o' -"8 
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Table A3.2 (Continued) 
Integrals 
o 
T j ( w )  =  J "  ( t ) ( t ^ + w ^ ) ^ / 2 * ( w , t ) d t  
o 
Tgfw) = J" 
o 
T^fw) = j""" ^K,(t)((,^+w^)^/^#(w,t)dt 
o 
Ti^(w) = J" {?KQ(t)((,^+wf)^/^d(w,t)dt 
o 
Tg(w) = J" 
T^fw) = J" KQ(t)(t^+w^)^/^0(w,t)dt 
o 
TyCw) = J" ^?Kj (t)e(w,t)dt 
Tg(w) = J" 
G 
Tq(w) = J°° t^K;(t)^(w,t)dt 
^ o 
T , o (w) = 
142 
Table A3-2 (Continued) 
where 
9(w,t)  = (w+t)K, (w+t) + ja] K, |(% I  
= J [(w+t)^K, (w+t) +a^K, la l ]  
#(w,t) = (w+t) + K^jal 
a = I - vi , 
the negative signs are used when Q! is negative. 
The essentia] singularity in the term as J", -• w 
presents cause for concern of the existence of integrals T^(w) 
through T^(w). The important part of these integrals, that centering 
around f, = w, will now be examined. 
All  of the quest ionable integrals may be described by 
I  = J" f(w,t)KQ|t-w|dt 
o 
where f(w,is analytic and can be expanded around i  = w. Defining 
I  « e < X = ^-w 
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T a b l e  A 3 ' 2  ( C o n t i n u e d )  
one can wri te the important part  of these integrals as 
J = (a+bx)K (x)dx 
u O 
0 
where a and b are constants. Since K^fx) a; -^nx, these integrals can 
be wri  t ten 
2 2 
J = a(e^ne -  e) + b(|-
which tends to zero with e, proving existence of T^(w) through T^(w). 
The Bessel funct ions Kj and K| were calculated using I .  B. M. 
subrout ine BESK whi le the T. (w) we-e calculated using 1. B. M- sub­
rout ine DQ.SF and are shown in tabulated form below. 
lO 
c 
n 
o 
> 
w 
ro 
* • * * * • • •  • • • • • • • • • • • • • • • « « • • « « • Q  
Wj»WQ9fV(y'Or\l^^»V1W4)^-4GP a o N U» J* f»OV*fU0»V*O@mONfVOW**W&WW«0miW 
• « J O O O O O O O O  O O O O O O O O O O O O O O O O O O O O O U )  
< Q) 
c 
m 
^  ^  ^  ^<^wwu^v»Wrurvrvrv)^»'-^p-»^»'0-4 
* * * * * * * *  • • • • • • « • • • • « • • • • • • • • • • K j  0 ' 4 ' 4 a ) G D Q D " « j « * j  O  o #  (D»##^^0»##W»#"N'OVI#*»fva90^0»a3WNV% 
'4*>4^*<100«40> (*#"4' i0$'0JD44»VI*V*OVIN&V*#*W4"f\#O 
O O O O O O O O  o o o o o o o o o o o o o o o o o o o o o # ^  
H 
T 
* ^ * « O O O < 0 < 0 0 B  
* * * * * * * *  #  « #  *  #  # #  $ * * # # $ # * »  $ # * *  # *  ^  \MOvJiO> A4«<d>«0UiM-*4uiAa»uiA«o^00 • 
r v " i i w û » w ^ w u *  - A  U «  OOOOMWW^^V* w w ^  V* o  ^  (T ^ -4 ^  ^  m* m* w U* a f  N O V* ^  ^  
o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o  
W $» #* W W W WWWWWWWWNNNh##**#*"#^M*^ 0000  ^
* • • • * • • •  * * #  * * # # * # # $ # * * *  # # * # # #  v %  
<000000«0(P Q»-4»V*WNO@(^VIW#-a»0'W*WMO*a«y^<y • ODf-NNl-^JO^a) m» r\ jrJO<>^VIlCD^OUO>0<OOMVM^CBOr\iaB 
vnowwo$*rv» f^eNwm4»*"(yNwo«4"4v%v*^W'0M#«o 
o o o o o o o o o o o o o u o u o o u o o o u o o u a » o « o r s i  
# * # # * * * *  * # * * # * * # » « * # # # $ # # # # # # # ( ^  
J » 4 ) « D O f ^ l \ » N u *  V % V i e ' W  J » O V O * ^ M N N N f V f V M O  S  
•*4ui *oo>uio -4 vji w •- 4) m » uars* r\»r\ jvnrs)*<-'^u>o> v%o»mm«$»vivi#*#^v*,ofvoou»p"N%0u*^v%p" 
U i ( > « O O O O O O O U O O O U O U O U O O O O W O O U O O O U  
•  * • « * • * •  » * # # # * # e * # * # # # # * # # * # * * ^  
o V»V)V%*" f^WWNNMf^WO 4)0 CDm«4^"4"4 • rj^u«o^*fuiviw#«4fO*fvu»4',0#'4)wupN^M'v*#«m4W'0"yv%w 
o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o  
OOOOOOW*^#"#*m#"P";: 'p«m'#*#wM#^m"#"OOOOOOWOM 
•  * • • * * • *  # $ # # * * * # # # # * * * * * # # * * # * u @  CD(B>fi%OOt0^000000000000000^4*0<A^'0«0^ • 
« 4 . O M ^ \ n - 4 4 ) m ' N W f ' V * k n v % » v * v m f * # ' W N 0 « o a » " 4 w % # ' W w f v  
W<>(PW-4>0\AV OOOOOUOUOWUOWO*4-<4<0'M"4#'WA 
I  I  I  I  I  
U O O O U O U O Q  W O W W W O O O O W O O O W O ^ m * m M m * * ^  
m V 1 M " 4 W 0 V « 0  V I U 0 ' * * N W ^ V I » " " 4 W ^ V * W V * ^ W ^ W f V » V I  
^#^<^CD-4U>NONV»Oa»(^»«4a)a»'0(»V^#^V»N"4aWN0^WW Wij9V%V»9"^M,D m vn<0** "4(P'»"MafVW(BWfWfVWOOWWV 
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 « <  
•  • • • • • « • « • • • • • • • • • • • • • c * * * * * * * ^  
W  W  0 0  W  0 »  0 »  W  W  « 4  »  • 4 < O u i « O U l U l » ' O a i m * * ^ « 4 M I O O # U l  9>Ch 4) 0» VI V* «4 0O(D(yW-4@kWOVt^»*Né*WW0**O"4(» 
WWNNWNNNNWW^^mmm^^^^^OOOOOOOOO 
O » 0 Q D - 4 ( r L M ^ W N # * O ^ ( D " 4 ( f S W f » W N * ^ O ^ m " 4 » V % f » W N * -  •  
o o o o o o o o o o o o o o o o o o o o o u o o o o u o o u  
o o o o o o o o o o o o o o o o o o o o o o o o o o o o o o  O O O O O O O O O O O O O O O O O O O O O Q O O Q O O O U O  
+7*71 
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APPENDIX IV: CALCULATION OF COSn 
AND CURVATURE FOR THE BLADE 
The EP which def ines the sol id- l iquid interface is taken to be 
z = -  + y^/A^) .  [A4. l ]  
Défining 
2 2 
f (x jyjz) = z + ~+ [A4.2] 
2A^ 
faci l i tates the calculat ion of cosq given as 
C O S f i  =  — • k .  [A4.3] 
Ivf] 
To second order in x and y this yields 
C O S 0  = I - ' ^ ( x ^  + y^/A^) .  [A4.4] 
Employing Eisenhardt 's method, as In Appendix I I ,  the sum of pr inciple 
curvatures is 
-K .  "" " GO -  2FD' ,A4.5l  
H 
where 
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9  ?  2 4 2  2 2 4  E = l+x% F = xy/A , G = l+y /A , H = 1+x +y /A^, 
D" = -(1/HA^), D' = 0, and D = -(1/H). To second order In x and y 
2 2 6 
Adding and subtract ing x +y /A to the numerator of  Equation [A4.6] 
y i e l d s  
K = (1+-7^)CO50 -  (x^+y^/A^)cos\ .  [A4.7] 
A 
